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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is [ 9
]. This is test number [ 138 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (9) | 0.00 (0)
Mathematica | 100.00 (9 ) | 0.00 ( 0)
Maple | 100.00 (9) | 0.00 (0)
Fricas 100.00 (9) | 0.00 (0)

Mupad | 1111 (1) | 88.89(8)

Giac 1111 (1) | 88.89 (8)
Maxima, 11.11 (1) | 88.89 ( 8)
Sympy 11.11 (1) | 88.89(8)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 55.556 44.444 0.000 0.000
Fricas 11.111 88.889 0.000 0.000
Giac 11.111 0.000 0.000 88.889
Maxima 11.111 0.000 0.000 88.889
Sympy 11.111 0.000 0.000 88.889
Maple 0.000 88.889 11.111 0.000
Mupad 0.000 11.111 0.000 88.889

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Mupad 8 0.00 100.00 0.00
Giac 8 100.00 0.00 0.00
Maxima 8 75.00 25.00 0.00
Sympy 8 75.00 25.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Sympy 0.19

Giac 0.26

Maxima 0.30

Maple 0.67

Rubi 0.98

Fricas 1.28
Mathematica 5.26

Mupad 27.40

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 9.00 0.41 9.00 0.41
Giac 15.00 0.68 15.00 0.68
Sympy 24.00 1.09 24.00 1.09
Mupad 48.00 2.18 48.00 2.18
Rubi 274.56 0.97 299.00 0.96
Mathematica | 420.78 1.55 292.00 0.73
Maple 957.56 3.38 710.00 2.29
Fricas 2457.67 7.85 2400.00 7.77

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
100+ . o o o o . 100+ . e o o o . 100+ . o o o o .
80} 80F 80}
el el °©
£ 60 £ 60} £ 60}
[=} o o
% 40} o 40t o 40t
S X B
20} 20} 20
0 [o]3 0
2 4 6 8 10 12 14 2 4 6 8 10 12 14 2 4 6 8 10 12 14
Rubi number of steps Rubi number of steps Rubi number of steps
Fricas Giac Maxima
100} o o o o o . 100t . 100t .
80} 80¢ 80f
el el °©
£ 60 £ 60} £ 60}
o ] [}
40} 2 40t 2 40t
S X X
20} 20¢ 20¢
of ok o o o o . of o o o o .
2 4 6 8 10 12 14 2 4 6 8 10 12 14 2 4 6 8 10 12 14
Rubi number of steps Rubi number of steps Rubi number of steps
Sympy Mupad
100} o 100} .
80} 80F
© ©
g 60} g 60}
s} ]
? 40t 40
ES ES
20} 20}
OF e o o o . OF e o o o .
2 4 6 8 10 12 14 2 4 6 8 10 12 14
Rubi number of steps Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result



CHAPTER 1. INTRODUCTION 12

1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {{4}[9]}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

21,1 Rubi. .. ... ... ..o
2.1.2 Mma. . . ... ..
2.1.3 Maple . . . . o
2.1.4 Fricas . . . . . . . e e e
2.1.5 Maxima . . . . . .. e e e e e e e e
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad ...
2.1.8 SYympy . . . . oo e

2.1.1 Rubi

A grade {1BBEBBAEE)
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {2B[L[7[ }
B grade {[1[4[6,0}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { }

B grade {[12BABRET}
C grade {[|}

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade {[f}

B grade {1BBABLED}
C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.5 Maxima

A grade {5}

B grade { }

C grade { }

F normal fail { [1}[2,[3}[6l[7[] }
F(-1) timedout fail {{4[9}
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {5}

B grade { }

C grade { }

F normal fail {[1}[2,3][4l[6}[7[8,[ }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad

A grade { }

B grade {[5}

C grade { }

F normal fail { }

F(-1) timedout fail {[1},22}[3}[4lf6}[7 &[] }

F(-2) exception fail { }

2.1.8 Sympy

A grade {5}

B grade { }

C grade {}

F normal fail {[1[2,[3,6l[7}[8 }
F(-1) timedout fail {{4[9}
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 205 545 465 0 1608 0 0 0
N.S. 1 1.01  2.68 2.29 0.00 7.92 0.00 0.00 0.00
time (sec) N/A 0.717 0.442 0.490 0.000 1.343 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 309 297 216 660 0 2400 0 0 0
N.S. 1 0.96 0.70 2.14 0.00 7.77 0.00 0.00 0.00
time (sec) N/A 1.065 3.390 0.477  0.000 1.130 0.000 0.000 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 411 393 288 853 0 3188 0 0 0
N.S. 1 0.96 0.70 2.08 0.00 7.76 0.00 0.00 0.00
time (sec) N/A 1.326 3.771  0.566 0.000  1.217 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-1) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 329 329 855 2169 0 3960 0 0 0
N.S. 1 1.00  2.60 6.59 0.00 12.04  0.00 0.00 0.00
time (sec) N/A 1.192 15.246 1.271 0.000 1942 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 19 16 75 9 8 24 15 48
N.S. 1 0.86 0.73 3.41 0.41 0.36 1.09 0.68 2.18
time (sec) N/A 0.276 0.084 0.394 0.296 0.234¢ 0.187 0.260 27.405
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 205 532 501 0 1608 0 0 0
N.S. 1 1.01  2.62 2.47 0.00 7.92 0.00 0.00 0.00
time (sec) N/A 0.691 0.480 0477  0.000 1338 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 311 299 218 710 0 2400 0 0 0
N.S. 1 0.96 0.70 2.28 0.00 7.72 0.00 0.00 0.00
time (sec) N/A 1.046 4.526  0.450 0.000  1.121  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 415 397 292 915 0 3188 0 0 0
N.S. 1 096 0.70 2.20 0.00 7.68 0.00 0.00 0.00
time (sec) N/A 1.296 4.401 0.484 0.000 1.243 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-1) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 327 327 825 2270 0 3759 0 0 0
N.S. 1 1.00 2.52 6.94 0.00 11.50  0.00 0.00 0.00
time (sec) N/A 1.171 15.035 1.414 0.000 1926 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio rﬁ%{é@?ggfl Sjlzlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [4] had the largest
ratio of [.875000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of ncfrma.blize.d integrand umber of rules
# | grade is:jds uzileze antlljairls‘i/::ve leaf size | integrand leaf size
1 A 10 9 1.01 12 0.750
% A 11 10 0.96 14 0.714
3 A 12 11 0.96 14 0.786
4 A 15 14 1.00 16 0.875
i A ) ) 0.86 10 0.500
6 A 9 8 1.01 12 0.667
7 A 10 9 0.96 14 0.643
3] A 11 10 0.96 14 0.714
9) A 14 13 1.00 16 0.812

2.3. Detailed conclusion table specific for Rubi results
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3.1 [ —25—~dz

a+bsin?(z)
3.1.1 Optimal result . . . ... ... .. ... 20|
3.1.2 Mathematica [B] (verified) . . . . . . .. ... ... 29
3.1.3 Rubi [A] (verified) . . . . . ... .. 30
3.1.4 Maple [B] (verified) . . ... ... . ...
3.1.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ... . B34
3.1.6 Sympy [F] . . . . o 34
3.1.7 Maxima [F] . . . . .
3.1.8 Giac [F] . . . o 35
3.1.9 Mupad [F(-1)] . . . .o o

3.1.1 Optimal result

Integrand size = 12, antiderivative size = 203

. beliz . beliz
/ z dr — _z:c log <1 o 2a+b—2\/E\/aT-b> 1z log (1 o 2a+b+2¢a¢m>
a + bsin’(z) 2v/ava + b 2v/ava + b

’ 2a+b—2+/a+/a+b ’ 2a+b+24/av/a+b

PolyLog (2, 5,5 ter ;) PolyLog (2, gopierrrs )
T e aavers

output | -1/2*I*x*1n(1-b*exp (2*I*x)/(2*a+b-2*a~(1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b) "~ (1
/2)+1/2*I*xx*1n(1-b*exp (2*I*x)/(2*a+b+2*xa~ (1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b)
~(1/2)-1/4*polylog(2,b*exp(2*I*x)/(2*a+b-2*a~(1/2)*(a+b) ~(1/2)))/a~(1/2) /(
at+b)~(1/2)+1/4*polylog(2,b*exp(2*I*x)/(2*a+b+2*a~ (1/2)*(a+b)~(1/2)))/a~(1/
2)/(a+b)~(1/2)

3.1.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 545 vs. 2(203) = 406.

Time = 0.44 (sec) , antiderivative size = 545, normalized size of antiderivative = 2.68

[ i o
a + bsin®(z)

4xarctanh( j%) — 2arccos (14 22) arctanh(M) - (arccos (1+2) — 2iarctanh<\/“_°—:

3.1. dz

f T
a+bsin?(z)
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input ‘ Integrate[x/(a + b*Sin[x]~2),x]

output

(4*x*ArcTanh[(a*Cot [x])/Sqrt[-(a*(a + b))]] - 2xArcCos[1 + (2*a)/b]*ArcTan
h[(Sqrt[-(a*x(a + b))]*Tan[x])/a] + (ArcCos[1 + (2#a)/b] - (2+I)*ArcTanh[(a
*Cot [x])/Sqrt[-(a*(a + b))]] + (2*I)*ArcTanh[(Sqrt[-(a*(a + b))]1*Tan[x])/a
1) *Log[(Sqrt [2] *Sqrt [-(a*x(a + b))]1)/(Sqrt[-b]*E~ (I*x)*Sqrt[2*a + b - b*Cos
[2%¥x]]1)] + (ArcCos[1 + (2%a)/b] + (2*I)*(ArcTanh[(a*Cot[x])/Sqrt[-(a*x(a +

b))]] - ArcTanh[(Sqrt[-(ax(a + b))]*Tan[x])/al))*Logl[(Sqrt[2]*Sqrt[-(a*x(a

+ b))I*E~(I*x))/(Sqrt[-b]*Sqrt[2*a + b - bxCos[2*x]]1)] - (ArcCos[l + (2*a)
/b] + (2*I)*ArcTanh[(Sqrt[-(a*(a + b))]*Tan[x])/al)*Log[(2*a*(a + b - I*Sq
rt[-(a*(a + b))])*(1 - I*Tan[x]))/(b*(a + Sqrt[-(ax(a + b))I*Tan[x]1))] - (
ArcCos[1 + (2*a)/b] - (2*I)*ArcTanh[(Sqrt[-(a*(a + b))]1*Tan[x])/al)*Logl[(2
xax(a + b + IxSqrt[-(a*(a + b))])*(1 + I*Tan[x]))/(bx(a + Sqrt[-(a*(a + b)
)1*Tan[x]))] + I*(PolyLogl[2, ((2*a + b - (2*xI)*Sqrt[-(ax(a + b))])*(-a + S
grt[-(a*(a + b))]*Tan[x]))/(bx(a + Sqrt[-(a*(a + b))]*Tan[x]))] - PolyLogl
2, ((2*a + b + (2xI)*Sqrt[-(a*(a + b))])*(-a + Sqrt[-(a*x(a + b))1*Tan[x]))
/(bx(a + Sqrt[-(a*x(a + b))]1*Tan[x]1))]1))/(4*Sqrt[-(a*x(a + b))1)

3.1.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.01,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.750, Rules used

= {5096, 3042, 3802, 25, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

[ aipian de
a + bsin?(z)

l 5096

z
2/ 2a + b — bcos(2z) dz
| 3042

X
2/2a+b—bsin(2x+g)dw
l 3802

e2ixx
4 | —— —d
/ eTh + b — 2(2a + b)e?ix v

3.1. dz

f T
a+bsin?(z)
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l 25

e2izx
—4 _ —d
/ et + b — 2(2a + b)e?x v
l 2694

2ix 2ix
b/~ 2 (Gat2vatbya—beiogs) 0% B bJ ~2@a—2varbya—temn1t) W
2y/ava+b 2Vava+b

l 27
b s dr bf s dx
2a—2+v/a+b/a—be2i*+b _ 2a+2v/a+b/a—be2i=+b

4v/av/a+b 4y/ava+b

l 2620

—4

—4

2b 2b 2b 2b

. be2i:v . be2iw . be2iz . beZiw
b<mog(1_W+b+2a+b) _ ’f1°g(1—za—wrw)d“> b(wlog(l_m> _ i 1oe(1- o iriars )¢
4

4Javatb 4avat b

| 2715
. bei® _9; peli® 2%z . beli® _2ix _ 1
iolog (1~ 5z tirmens) _ J " oe(1-mapviriven ) e iwlog (157 iy ) e 1o (1575,
b — b _
2b 4b 2b 4b
4 —

- 4/av/a+b 4y/ava+b

| 2838
Pol L0g<2 ﬂ) i 10g<1—$> PolyLog(Z L) iT 10g<1_$>
o4 ’2a—2+/a+b\/a+b —2+v/av/a+b+2a+b ’2a+2+v/a+by/a+b 2y/av/a+b+2a+b
b + b +
4b 2b 4b 2b /
—4 —

4y/av/a+b 4\/ar/a+b

input ‘ Int[x/(a + b*Sin[x]~2),x]

3.1. fmdx



output
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-4 ((bx (((I/2)*x*Log[1l - (b*E~((2*I)*x))/(2*a + b - 2xSqrt[al*Sqrt[a + b])
1)/b + PolyLog[2, (b*E~((2*I)#*x))/(2*a + b - 2xSqrt[al*Sqrt[a + b])]/(4%*b)
))/(4xSqrt[al*Sqrt[a + b]) - (bx(((I/2)*x*xLogll - (L*E~((2*I)*x))/(2*a + b
+ 2xSqrt[al*Sqrtla + b])])/b + PolyLogl[2, (b*E~((2*I)*x))/(2%a + b + 2%Sq
rt[a]l*Sqrt[a + b])]/(4%b)))/(4*%Sqrt[a]l*Sqrt[a + bl))

3.1.3.1 Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 2620

rule 2694

rule 2715

rule 2838

rule 3042

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(C(F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((F_)~(u)*((£f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*axc, 2]}, Simp[2*(c/q) Int
[(f + g*x)"m*(F~u/(b - q + 2%c*F~u)), x1, x] - Simp[2%(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, O]

Int[Logl[(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

3.1. dz

f T
a+bsin?(z)
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rule 3802 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sinl[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(Ix(e +
fxx))/(b + 2%a*xE~(I*Pi*(k - 1/2))*E~(I*(e + f*x)) - b*E~(2%I*k*Pi)*E~(2*I*(
e + £xx)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[2*k] && NeQ
[a™2 - ™2, 0] && IGtQ[m, O]

rule 5096 Int[(x_)~(m_.)*((a_) + (b_.)*Sin[(c_.) + (d_.)*(x_)1"2)"(n_), x_Symbol] :>

Simp[1/2°n  Int[x"m*(2*a + b - b*Cos[2*c + 2xd*x])"n, x], x] /; FreeQ[{a,

b, c, d}, x] && NeQ[a + b, 0] && IGtQ[m, O] && ILtQ[n, 0] && (EqQ[n, -11 ||
(EqQ[m, 1] && EqQ[n, -21))

3.1.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 464 vs. 2(153) = 306.

Time = 0.49 (sec) , antiderivative size = 465, normalized size of antiderivative = 2.29

method | result

. e?iw . 62“: . eziz
risch Zln(l_m% + ’ln(l‘m)aw “n<1_m)bz N E N
2\/a(a+b)+2a+b Va(a+b) (wmﬂm) 2./a(a+b) (2\/M+2a+b> 2@+ 120+ | Jata
input Lint (x/ (a+sin(x) ~2*b) ,x,method=_RETURNVERBOSE) J

e N

output | I/(2*(a*(a+b))~(1/2)+2*a+b)*1n(1-bxexp(2*I*x)/(2*(a*(a+b))~(1/2)+2*a+b) ) *x
+I/(a*x(a+b))~(1/2) /(2% (a*x(a+b) )~ (1/2)+2*a+b) *1n(1-bxexp (2*I*x) /(2% (a* (a+b)
)~ (1/2)+2%a+b) ) ¥a*x+1/2%I/(ax (a+b) ) ~(1/2) / (2% (a* (a+b) )~ (1/2) +2*a+b) *1n(1-b
xexp (2xI*x)/(2x(a*x(a+b)) ~(1/2)+2*a+b) ) ¥*b*x+1/(2* (a* (a+b)) ~ (1/2) +2xa+b) *x~2
+1/(ax(a+b) )~ (1/2) /(2% (a*(a+b) ) " (1/2) +2*a+b) *a*x~2+1/2/ (a*(a+b) ) ~(1/2) / (2%
(a*x(atb))~(1/2)+2xa+b) *b*xx~2+1/2/ (2% (a* (a+b) ) ~(1/2) +2*a+b) *polylog(2,b*exp
(2%I*x) /(2% (a*x(a+b) )~ (1/2)+2%a+b) ) +1/2/ (a*(a+b) ) ~(1/2) / (2% (a*(a+b) ) ~(1/2)+
2xa+b) *polylog(2,b*exp (2xI*x) / (2x (a*(a+b)) ~(1/2)+2xa+b) ) *a+1/4/ (ax(a+b) )~ (
1/2)/ (2x(ax(a+b)) ~(1/2)+2*a+b) *polylog(2,b*exp (2*xI*x) /(2% (a* (a+b) )~ (1/2)+2
*a+b) ) *b-1/2*I/(a* (a+b) )~ (1/2) *x*1n(1-b*exp (2*I*x) /(2% (a* (a+b)) " (1/2)+2*a
+b))-1/2/(a*x(a+b) )~ (1/2)*x"2-1/4/(ax(atb)) ~(1/2) *polylog(2,b*exp (2*xI*x) / (-
2% (a*(a+b)) ~(1/2)+2*a+b))

3.1. fmdx
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3.1.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1608 vs. 2(149) = 298.

Time = 1.34 (sec) , antiderivative size = 1608, normalized size of antiderivative = 7.92

/ a++in2(x) dz = Too large to display

p
inputLintegrate(x/(a+b*sin(x)“2),x, algorithm="fricas")

| —

output | -1/4* (-Ixb*x*sqrt((a~2 + a*b)/b~2)*log(-(((2*%a + b)*cos(x) + (2xI*a + I*b)
*sin(x) - 2x(b*cos(x) + I*b*sin(x))#*sqrt((a”2 + a*b)/b~2))*sqrt((2xb*sqrt(
(2”2 + a*b)/b~2) + 2%a + b)/b) - b)/b) + I*bxx*sqrt((a”2 + a*b)/b~2)*Llog((
((2*a + b)*cos(x) - (2xI*a + Ixb)*sin(x) - 2*(b*cos(x) - I*b*sin(x))*sqrt(
(a”2 + axb)/b~2))*sqrt((2*xb*sqrt((a”2 + a*b)/b~2) + 2%a + b)/b) + b)/b) +

Ixbxx*sqrt((a~2 + a*b)/b"2)*log(-(((2*a + b)*cos(x) + (-2xIxa - I*b)*sin(x
) = 2x(b*cos(x) - I*b*sin(x))*sqrt((a”2 + a*b)/b~2))*sqrt((2xbxsqrt((a~2 +
a*b)/b~2) + 2%a + b)/b) - b)/b) - Ixbxx*sqrt((a~2 + a*b)/b~2)*log((((2*a

+ b)*cos(x) - (-2xIxa - Ixb)*sin(x) - 2x(b*cos(x) + Ixbxsin(x))*sqrt((a~2

+ ax*b) /b~2))*sqrt ((2*bxsqrt((a~2 + a*b)/b"2) + 2xa + b)/b) + b)/b) + I*b*x
xsqrt ((a”2 + a*b)/b"2)*1log(-(((2*%a + b)*cos(x) + (2*I*a + I*b)*sin(x) + 2%
(b*cos(x) + I*b*sin(x))*sqrt((a™2 + axb)/b~2))*sqrt(-(2xb*sqrt((a~2 + a*b)
/b"2) - 2*a - b)/b) - b)/b) - I*b*x*sqrt((a”2 + a*b)/b~2)*log((((2*a + b)=*
cos(x) - (2xI*a + Ixb)*sin(x) + 2x(b*cos(x) - Ixb*sin(x))*sqrt((a~2 + a*b)
/b72))*sqrt (- (2%b*sqrt ((a”2 + a*b)/b~2) - 2*a - b)/b) + b)/b) - I*b*x*sqrt
((a”2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (-2%xI*a - I*b)*sin(x) + 2x(b*c
os(x) - Ixb*sin(x))*sqrt((a”2 + axb)/b~2))*sqrt(-(2*bxsqrt((a”2 + a*b)/b~2
) - 2%a - b)/b) - b)/b) + I*b*x*sqrt((a~2 + a*b)/b~2)*Log((((2*a + b)*cos(
x) - (-2*I*a - I*b)*sin(x) + 2*(b*cos(x) + I*b*sin(x))*sqrt((a~2 + a*b)/b"
2)) *sqrt (- (2*bxsqrt ((a”2 + a*b)/b"2) - 2*a - b)/b) + b)/b) - bxsqrt((a”...

3.1.6 Sympy [F]

/;dm—/;dm
a+bsin®(z) ~ ) a4+ bsin®(z)

input{integrate(x/(a+b*sin(x)**2),X)

3.1. dz

f T
a+bsin?(z)
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outputtlntegral(x/(a + bxsin(x)**2), x)

3.1.7 Maxima [F]

/;daj—/#dm
a+bsin®(z) ~  J bsin(z)’+a

inputtintegrate(x/(a+b*sin(x)‘2),x, algorithm="maxima")

outputtintegrate(x/(b*sin(x)‘2 + a), x)

3.1.8 Giac [F]

/;dm—/;dm
a + bsin®(z) bsin (z)* + a

inputLintegrate(x/(a+b*sin(x)‘2),x, algorithm="giac")

outputLintegrate(x/(b*sin(x)“2 + a), x)

3.1.9 Mupad [F(-1)]

Timed out.

/#dx—/;dx
a + bsin?(z) bsin (z)* + a

inputtint(x/(a + b*sin(x)"2),x)

outputtint(x/(a + b*sin(x)"2), x)

3.1. dz

f T
a+bsin?(z)



output
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3.2 [—Z, dy
’ a+bsin?(z)

3.21 Optimalresult . .. ... ... ... .. 3061
3.2.2 Mathematica [A] (verified) . . . . . . .. ... L 37
3.2.3 Rubi [A] (verified) . . . . . . ... 37
3.24 Maple [B] (verified) . .. . ... . ... 41
3.2.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . 41l
3.26 Sympy [F] . . . . 42
3.27 Maxima [F] . . . . . . . 13
328 Giac [F] . . . . . 43l
3.29 Mupad [F(-1)] . . . o o 43l

3.2.1 Optimal result

Integrand size = 14, antiderivative size = 309

. 9 pe2iz ) be2iz
/ _,1:2 d — _ZIL' ].Og (1 — m) 1xr log (]. — m)
a + bsin?(x) 2y/ava +b 2v/ava +b

e?iz eQiz
z PolyLog <2> M) z PolyLog (2’ 2a+b—il-)2\/6\/a+b)

2vavath * oavath

i PolyLog (3’ #\;}\/ﬁ-b) i PolyLog (3’ 2a+b—+l-)§i2\/a+b>

4v/arv/a+b 4+/av/a+b

-1/2*Ixx~2%1n (1-bkexp (2*%I*x)/(2*a+b-2*a~ (1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b) "~
(1/2)+1/2*%I*x"2*1n(1-b*exp (2*%I*x) / (2*a+b+2*a~(1/2) *(a+b) ~(1/2)))/a~(1/2) /(
a+b) ~(1/2)-1/2*x*polylog(2,b*exp (2*xI*x)/(2*a+b-2*a~ (1/2)*(a+b) ~(1/2))) /a~(
1/2) / (a+b) ~(1/2)+1/2*x*polylog(2,b*exp (2*I*x)/ (2*a+b+2*a~(1/2) *(a+b) ~(1/2)
))/a~(1/2)/(a+b)~(1/2)-1/4*Ixpolylog(3,bxexp (2*I*x)/(2*a+b-2*a~(1/2) *(a+b)
~(1/2)))/a~(1/2)/(a+b) ~(1/2)+1/4*Ixpolylog(3,b*exp (2*%I*x) / (2*xa+b+2*a~(1/2)
*(a+b)~(1/2)))/a~(1/2)/(a+b)~(1/2)

2

3.2. f m dx
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3.2.2 Mathematica [A] (verified)

Time = 3.39 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.70

z? dp —
/a+bsin2(x) v

. 2 be2iz 2 beZiz . be2iz .
’l<2$ log (1 — m) — 2z lOg (]_ — m) — 2z POIYLOg (2, m) + QZLUF
4./a(a+b)

~—

input LIntegrate [x"2/(a + b*Sin[x]"2),x]

output | ((-1/4*I)*(2xx"~2xLog[1 - (b*E~((2*I)*x))/(2*a + b - 2*Sqrt[a*x(a + b)]1)] -
2%x~2*Log[1 - (b*E~((2*%I)*x))/(2%a + b + 2*Sqrt[ax(a + b)])] - (2*I)*x*Pol
yLog[2, (b*E~((2%I)*x))/(2%a + b - 2+Sqrt[a*(a + b)])] + (2+I)*x*PolyLog[2
, (b*E~((2%I)*x))/(2%a + b + 2xSqrt[ax(a + b)])] + PolyLogl[3, (b*E~((2*I)x*
x))/(2%¥a + b - 2+Sqrt[ax(a + b)])] - PolyLogl[3, (b*E~((2xI)*x))/(2%a + b +
2xSqrt[a*x(a + b)])]))/Sqrt[a*x(a + b)]

3.2.3 Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.96,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size — 0.714, Rules

used = {5096, 3042, 3802, 25, 2694, 27, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

z? J
/a+bsin2(a:) v

l 5096

x? p
2
/ 2a 4+ b — bcos(2z) v
| 3042

72
2/ - dx
2a+b—bsin (2z + %)
l 3802

2

3.2. f m dx
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20 1,2
4/ —_ —dx
e*iTh + b — 2(2a + b)e%x
l 25

e2ixx2
—4/ - —dx
eiTh + b — 2(2a + b)e?ix
l 2694

2T 72

bf " 2(20+2va+b/a—be2i@ +b dz bf " 2(2a—2+v/atb/a—be2i= +b

(2a+2v ) (20-2v )
2y/ava+b 2v/av/a+b

| 27
e2i:v‘,1:2 21T 12
b f 2a—2+/a+b+/a—be?* +b dz _ b f 2a+2+/a+b/a—be2i=+b dz

4y/ava+b 4\/av/a+b

l 2620

e2izz2

dzr

—4

—4

2b 2b b

‘2 po2i . pe2i L po2i _ po2i
' 1°g<1_ 72\/Ex/fz+b+2a+b> Zf$10g<1_2a72\/2+b\/§+b>dm 1 10g<1_2\/ax/ae+b+2a+b) ’fm1°g<1_ 2a+2\/e;z+b\/5
b — 5 b —
4

4y/ava+b 4y/ava+b

l 3011

. o b 2ix (1. b 2ix 1; be2iz . o o

b(zx tog (15 variraars) _ i(biePolvLon (2 sogimians ) ~41) P°1yL°g<2vza—wm¢a+b)dx)> b<m o815

2b b 2

4

4\/ar/a+b

l 2720

2 be2i® (1. be2i® 1 [ —2iz be2iT 2i 2
b(zz 10g<1—m> _ z(izzPolyLog(Zm)—z Je PolyLog(Z,m)de z)) b(zm log
2b b
4

4\/ar/a+b

l 7143

3.2. f ﬁ;(@ dx
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. o be2iT (1. beliT 1 he2iT . o _ be2t
b(”” m@‘%) _ z(5“”P°lyL°g(2’2a—2\/‘im¢a+b)_4 POIYLOg(3’2a—2¢mﬁ+b>>) b(” l°g(1 23/avatt
26 b 2b
4

4 /ar/a+b

-

inputLInt[x‘2/(a + b*Sin[x]~2),x] J

output | -4* ((b* (((I/2)*x~2*Log[1 - (b*E~((2*I)*x))/(2*a + b - 2*Sqrt[al*Sqrt[a + b
D1 /b - (I*((I/2)*x*PolyLogl[2, (b*E~((2*I)#*x))/(2*%a + b - 2*Sqrt[al*Sqrt[
a + b])] - PolyLogl3, (b*E~((2%I)*x))/(2%a + b - 2*Sqrt[a]*Sqrt[a + b])]/4
)) /b)) /(4*Sqrt [al*Sqrt[a + b]) - (b*x(((I/2)*x"2*Log[l - (b*E~((2*%I)*x))/(2
*a + b + 2xSqrt[a]l*Sqrt[a + b])])/b - (I*((I/2)*x*PolyLogl[2, (b*E~((2*I)*x
))/(2xa + b + 2xSqrt[al*Sqrt[a + b])] - PolyLogl[3, (b*E~((2*I)*x))/(2*a +
b + 2#Sqrt[a]*Sqrt[a + b])]1/4))/b))/(4*%Sqrt[a]*Sqrt[a + bl))

3.2.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2694 | Int [((F_)~(u_)*((£_.) + (g_.)*(x_)) " (m_.))/((a_.) + (b_)*F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~™2 - 4*a*c, 2]}, Simp[2*(c/q) Int
[(f + g*x)"m*(Fu/(b - q + 2%c*F~u)), x1, x] - Simp[2%(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2xc*F~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

2

3.2. f m dx



rule 2720

rule 3011

rule 3042

rule 3802

rule 5096

rule 7143
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"n]/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F]1)) Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

N\

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(Ix(e +
£f*x)) /(b + 2*xaxE~ (I*Pix(k - 1/2))*E~(I*(e + f*xx)) — b*E~(2*I*k*Pi)*E~(2*I*(
e + £xx)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[2*k] && NeQ
[a”2 - ™2, 0] && IGtQ[m, O]

Int[(x_ )" (m_.)*((a_) + (b_.)*Sin[(c_.) + (d_.)*(x_)]1"2)"(n_), x_Symbol] :>
Simp[1/2°n  Int[x"m*(2%a + b - b*Cos[2*c + 2*d*x])"n, x], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, O] && (EqQ[n, -1] ||

(EqQ[m, 1] && EqQ[n, -21))

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d

» €, n, p}, x] & EqQ[bxd, a*e]

2

3.2. f m dx
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3.2.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 659 vs. 2(233) = 466.

Time = 0.48 (sec) , antiderivative size = 660, normalized size of antiderivative = 2.14

method | result

2 _ be2i® . o
90 23 ibx ln(l 72\/W+2a+b> 03 T ln(l

b 21T
—2y/a(a+b)+2a+b +

risch

3\/a(a+) (2y/a(atb)+2a+b) + 2\/a(atb) (2v/a(@tb)+2a+b)  3(2y/a(atb)+2a+b)

2+/a(a+b)

input Lint (x~2/ (a+sin(x) ~2*b) ,x ,method=_RETURNVERBOSE)

~—

output | 2/3/(ax(a+b))~(1/2)/(2x(ax(a+b))~(1/2)+2*a+b) *a*x~3+1/2*I/(a*(a+b))~(1/2)/
(2% (a*x(a+b) ) ~(1/2)+2*a+b) *b*xx~2+1n (1-b*exp (2*I*x) / (2% (a* (a+b)) ~(1/2) +2*a+b
))+2/3/(2*(ax(a+b) ) ~(1/2)+2*a+b) *x~3-1/2*I/(ax(a+b) ) ~(1/2) *x~2*1n (1-b*exp(
2xI*x) / (-2x (a*(a+b) ) ~(1/2)+2*a+b) ) +1/(ax (a+b) ) ~(1/2) / (2% (ax (a+b) ) ~(1/2) +2*
a+b) *a*x*polylog(2,b*exp(2*I*x)/(2*(a*x(a+b)) ~(1/2)+2xa+b))+1/2+I/(ax(a+b))
~(1/2)/ (2*(ax(a+b) )~ (1/2) +2*a+b) *a*xpolylog(3,b*exp (2*xI*x)/ (2* (ax(a+b))~(1/
2)+2xa+b))+1/3/(ax(a+b)) ~(1/2)/(2x(a* (a+b)) ~(1/2) +2*a+b) ¥b*x~3-1/4*I/(ax(a
+b)) " (1/2) *polylog(3,bxexp (2*I*x)/(-2*(ax(at+b))~(1/2)+2*a+b))+1/2/ (a*(a+b)
)~ (1/2) /(2% (a*(a+b) )~ (1/2) +2*a+b) *b*x*polylog(2,b*exp (2*I*x) / (2% (a*(a+b) )~
(1/2)+2%a+b))+I/(a*x(a+b) )~ (1/2)/(2x (a*(a+b) )~ (1/2) +2*a+b) *a*x~2*1n (1-b*exp
(2%Ixx)/(2*(ax(a+b))~(1/2)+2*a+b))-1/2/(a*(a+b)) ~(1/2) *x*polylog(2,b*exp(2
*Ixx) / (-2%(a*(a+b) )~ (1/2) +2*a+b) ) +1/4*1/(a*(a+b)) ~(1/2) / (2* (a*(a+b) )~ (1/2)
+2*a+b) *bxpolylog(3,b*exp (2*%I*x)/(2x (ax(at+b) )~ (1/2)+2*a+b))+1/ (2% (a*(a+b))
~(1/2)+2*xa+b) *x*polylog(2,b*exp (2*I*x) /(2% (ax(a+b))~(1/2)+2*a+b))+I/(2x (ax
(a+b) )~ (1/2)+2*a+b) *x~2*1n (1-b*exp (2*I*x) / (2* (a*x (a+b)) ~(1/2)+2*a+b))-1/3/(
ax(a+b)) ~(1/2)*x~3+1/2*I/(2*(a*(a+b)) ~(1/2)+2*a+b)*polylog(3,b*exp (2*xI*x)/
(2% (ax(a+b)) ~(1/2)+2*a+b))

3.2.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 2400 vs. 2(228) = 456.

Time = 1.13 (sec) , antiderivative size = 2400, normalized size of antiderivative = 7.77

2
/ a++in2(x) dx = Too large to display

2

3.2. f m dx
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input‘integrate(x“2/(a+b*sin(x)“2),x, algorithm="fricas")

output | -1/4* (-I*b*x~2*sqrt((a~2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (2*Ixa + Ix*
b)*sin(x) - 2*(b*cos(x) + I*b*sin(x))*sqrt((a™2 + axb)/b~2))*sqrt((2+b*sqr
t((a"2 + axb)/b”2) + 2*a + b)/b) - b)/b) + I*bxx"2*xsqrt((a”2 + axb)/b~2)*1
og((((2*%a + b)*cos(x) - (2*I*a + Ixb)*sin(x) - 2*(b*cos(x) - I*b*sin(x))*s
grt((a~2 + a*b)/b~2))*sqrt ((2*xb*sqrt((a~2 + a*b)/b~2) + 2%a + b)/b) + b)/b
) + Ixbxx"2*sqrt((a”™2 + axb)/b~2)*x1log(-(((2*a + b)*cos(x) + (-2%I*a - I*b)
*sin(x) - 2x(bxcos(x) - I*b*sin(x))#*sqrt((a”2 + a*b)/b~2))*sqrt((2*b*sqrt(
(a”2 + a*b)/b"2) + 2*xa + b)/b) - b)/b) - I*b*x"2*sqrt((a”2 + a*b)/b~2)*log
((((2*a + Db)*cos(x) - (-2*Ixa - Ixb)*sin(x) - 2*(bxcos(x) + I*bxsin(x))*sq
rt((a”2 + a*b)/b~2))*sqrt ((2*b*sqrt((a”2 + axb)/b~2) + 2*a + b)/b) + b)/b)
+ I*b*x"2xsqrt((a”2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (2+I*a + Ixb)x*s
in(x) + 2*(b*cos(x) + I*b*sin(x))*sqrt((a”2 + ax*b)/b~2))x*sqrt(-(2*b*sqrt ((
a~2 + a*b)/b~2) - 2xa - b)/b) - b)/b) - Ixb*x"2*sqrt((a”2 + a*b)/b~2)*log(
(((2*xa + b)*cos(x) - (2xI*a + I*b)*sin(x) + 2*(b*cos(x) - I*b*sin(x))*sqrt
((a”2 + a*b)/b"2))*sqrt (-(2xb*sqrt((a”2 + a*b)/b~2) - 2xa - b)/b) + b)/b)
- Ixb*x"2*xsqrt((a”2 + a*b)/b~2)*log(-(((2*%a + b)*cos(x) + (-2xIxa - I*b)x*s
in(x) + 2*(b*cos(x) - Ixbxsin(x))*sqrt((a”2 + a*b)/b~2))*sqrt(-(2xbxsqrt ((
a2 + axb)/b~2) - 2%a - b)/b) - b)/b) + I*b*x"2*sqrt((a”2 + a*b)/b~2)*log(
(((2*a + b)*cos(x) - (-2*I*a - Ixb)*sin(x) + 2*(b*cos(x) + I*bxsin(x))*sqr
t((a”2 + a*b)/b~2))*sqrt (-(2*b*sqrt((a~2 + a*b)/b~2) - 2*a - b)/b) + b)...

3.2.6 Sympy [F]

z? z?
T = [ — g
/a+bsin2(x) v /a+bsin2(x) v

input‘integrate(x**2/(a+b*sin(x)**2),X)

output

Integral (x**2/(a + b*sin(x)**2), x)

N

2

3.2. f m dx
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3.2.7 Maxima [F]

z? z?
— dex= | ———dx
/ a + bsin?(z) ! / bsin (z)* + a

input Lintegrate (x~2/(a+b*sin(x) ~2) ,x, algorithm="maxima")

output Lintegrate (x"2/(b*sin(x)~2 + a), x)

3.2.8 Giac [F]

z? z?
/—.deU:/#dz
a + bsin®(z) bsin (z)” +a

input Lintegrate (x~2/ (a+b*sin(x)~2) ,x, algorithm="giac")

output Lintegrate (x72/(b*sin(x)"2 + a), x)

3.2.9 Mupad [F(-1)]

Timed out.

z? z?
/ a + bsin?(z) / bsin (z)* +a

input‘ int(x~2/(a + b*sin(x)"~2),x)

output Lint(x‘?/(a + b*sin(x)~2), x)

2

3.2. f a—i—#n%x) d.’L'



output
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X

3.3 f a+bsin?(z) dz

3.3.1 Optimalresult . .. ... .. .. .. . 44
3.3.2 Mathematica [A] (verified) . . . . . .. .. ... ..o o 45
3.3.3 Rubi [A] (verified) . . . . .. ... ... 45
3.34 Maple [B] (verified) . ... ... . ... .. 49
3.3.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 50)
3.3.6 Sympy [F] . . . . b1
3.3.7 Maxima [F] . . . . . . 52
3.38 Giac [F] . . . . . 52
3.39 Mupad [F(-1)] . . . o o 52

3.3.1 Optimal result

Integrand size = 14, antiderivative size = 411

/ 3 o _iw3 log (1 — #W) iz3 log (1 — ﬁﬁ)
a + bsin?(x) 2v/ava + b 2v/ava+b
3z2 PolyLog (2, ﬁ;&\/ﬂ) 3z2 PolyLog <2, #ﬁ)
- /ava+b " L/avatb
3ix PolyLog (3, #&2\/@) N 3ix PolyLog (3, WZ\/@)

4v/arv/a+b 4/av/a+b

3PolyLog (4, 55 eerer; ) 3PolyLog (4, gpiors )
+ —

8vava+b 8vava+b

-1/2*Ixx~3%1n(1-bkexp (2*%I*x)/(2*a+b-2*a~(1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b) "~
(1/2)+1/2*%I*x~3*1n(1-b*exp (2*I*x) / (2*a+b+2*a~(1/2)*(a+b) ~(1/2))) /a~(1/2) /(
atb)~(1/2)-3/4*x~2*polylog(2,b*exp (2*I*x)/(2*a+b-2*a~(1/2)*(atb)~(1/2)))/a
~(1/2)/(a+b) ~(1/2)+3/4*x"2*polylog(2,b*exp (2*xI*x) / (2*xa+b+2*a” (1/2) * (a+b) ~(
1/2)))/a~(1/2)/(a+b) ~(1/2)-3/4*I*x*polylog(3,bxexp(2*I*x)/(2*a+b-2%a~ (1/2)
*(a+b)~(1/2)))/a~(1/2)/ (a+b) ~(1/2) +3/4*I*x*polylog(3,bxexp (2*xI*x) / (2*a+b+2
*a~(1/2)*(a+b)~(1/2)))/a"~(1/2)/ (a+b) ~(1/2)+3/8*polylog(4,bkexp (2xI*x) / (2*a
+b-2%a”~ (1/2)*(a+b)~(1/2)))/a~(1/2)/ (a+b) ~(1/2)-3/8*polylog(4,b*exp (2*I*x)/
(2%a+b+2*a”~ (1/2)*(a+b)~(1/2)))/a~(1/2) /(a+b) = (1/2)

3

3.3. f m dx




input LIntegrate [x~3/(a + b*Sin[x]"2),x]

output
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3.3.2 Mathematica [A] (verified)

Time = 3.77 (sec) , antiderivative size = 288, normalized size of antiderivative = 0.70

z3 p
/a+bsin2(x) v

3 be2i® ;3 be2i@ 2 be2t® 2
—4dix IOg (1 - m) + dix log (]. — m) — 6x POIYLOg (2, m) + 62 Pc

~—

((-4xI)*x"3%Log[1l - (b*E~((2*I)*x))/(2*%a + b - 2*Sqrt[ax(a + b)])] + (4*I)
*xx~3*%Log[1 - (b*xE~((2*I)*x))/(2*a + b + 2*Sqrt[a*(a + b)])] - 6%x~2xPolyLo
gl2, (b*E~((2*I)*x))/(2*a + b - 2*Sqrt[a*(a + b)])] + 6*x~2xPolyLog[2, (b*
E~((2*I)*x))/(2*a + b + 2*Sqrt[ax(a + b)])] - (6*I)*x*PolyLogl[3, (b*E~((2#
D#*x))/(2*a + b - 2*Sgrtlax(a + b)]1)] + (6*I)*x*PolyLogl[3, (b*E~((2+I)*x))
/(2*¥a + b + 2xSqrtla*x(a + b)])] + 3*PolyLogl[4, (b*E~((2*I)*x))/(2%a + b -
2xSqrt[ax(a + b)])] - 3*PolyLogl[4, (b*E~((2*I)#*x))/(2*a + b + 2xSqrt[a*(a
+ b)1)]1)/(8*Sqrt[ax(a + b)])

3.3.3 Rubi [A] (verified)

Time = 1.33 (sec) , antiderivative size = 393, normalized size of antiderivative = 0.96,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.786, Rules

used = {5096, 3042, 3802, 25, 2694, 27, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3 p
/a+bsin2(w) v

l 5096

23
2
/ 2a 4+ b — bcos(2z) de
| 3042

23
2/ - dx
2a 4+ b— bsin (2z + )

3

3.3. f m dx
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21T 33

l 3802

o207 .3
4 / —— —dr
etz + b — 2(2a + b)e?®

| 25

eZimlB
/ _ —dx
e*iTh + b — 2(2a + b)e%x
l 2694

21z 33

dz

—4

b f - 2(2a+2v/a+b\/a—be2w+b) dz _ b f - 2(2a—2v/a+b\/a—be2w+b)

2y/ava+b

21T 23

2v/ava+b

l 27

21z 1,3

4 bf 2a—2\/a+b\/ﬁ—b62”+bd:p _ bf 2a+2\/a+b\/6—beziz+bdx
4v/ava+b 4y/ava+b
l 2620
. be2iT 3 beli® . 3 be2iT . 2 be?
b iz? 10g<1_ —2\/5\/a+b+2a+b> _ 3 [ 1°g<1_2a—2\/a+b\/6+b)dw b i 10g<1_2\/6«/a+b+2a+b) — Sife 10g<1_2a+2\/5
2b 2b 2b 2b
4

4\/ar/a+b

4/ar/a+b

| 3011
. 3 be2i® (1.2 be2i® . be2i® .3 __
b(mf: log<l—m> _ 3z<§m: PolyLog(?,M/%W)—zfmPolyLog(2,M/ZTW>dz>) b<m: log<1 5
2b 2b
—4 —
4\/ar/a+ b
| 7163
. 4 pe2iT (1. 9 pe2iT (1. pe2i® 1,
b(zx log<1—m) _ 3z<§m PolyLog(Z,m)—z(§zfPolyLog<3,72a_2\/‘;wﬁ+b)dx—szPolyLog(S,—2a_2
2b 2b
—4
4\/ar/a+b
| 2720

3.3. f ﬁig(@ dx
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be2iT

. 3 be2i® (1.2 be2t® _i( L [e—2 _ beT® ) ge2iz_1;
b(m tog (1~ 5 verirmars ) %(55” PolyLor (2 gomgyitiars ) (3 /e PolyLoe (3. 55y ey ) de* —fio PolyLog
2b 2b
4

4 /ar/a+b
l 7143

be2iT

.3 _ pe2i® (1. 9 be2i® (1 be2iT 1
b(m log<1 m) _ 3z<2zz PolyLog(2,72a_2\/mﬁ+b) z<4PolyLog<4,72a_2\/mﬁ+b> 2zzP01yLog<3,72a_2\/m
2b
4

2b

4+/ar/a + b

;
input | Int[x~3/(a + b*Sin[x]~2),x]

output -4 ((bx(((I/2)*x~3*Log[1 - (b*E~((2*I)*x))/(2*a + b - 2xSqrt[a]l*Sqrt[a + b
D1 /b - (((3%I)/2)*((1/2)*x~2%PolyLog[2, (b*E~((2*I)*x))/(2%a + b - 2%Sqr
t[al*Sqrt[a + b])] - Ix((-1/2+I)*x*PolyLog[3, (b*E~((2*I)*x))/(2*a + b - 2
*Sqrt [a]*Sqrt[a + b]l)] + PolyLogl4, (b*E~((2*I)*x))/(2%a + b - 2*Sqrt[al*S
grtla + b])1/4)))/0))/(4%Sqrt[al*Sqrtla + b]) - (bx(((I/2)*x"3*Logll - (b*
E"((2%¥I)*x))/(2%a + b + 2+Sqrt[al*Sqrtla + b])])/b - (((3*I)/2)*((I/2)*x"2
*PolyLog[2, (b*E~((2*I)*x))/(2*a + b + 2xSqrt[al*Sqrt[a + b]l)] - I*((-1/2%
I)*x*PolyLog[3, (b*E~((2*I)*x))/(2*%a + b + 2*Sqrt[al*Sqrt[a + b])] + PolyL
ogl4, (b*E~((2*I)*x))/(2%a + b + 2*Sqrt[al*Sqrt[a + b])1/4)))/b))/(4*Sqrt(
a]*Sqrt[a + bl))

3.3.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], xI J

e B

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
‘tchQ[Fx, (b_)*(Gx.) /; FreeQ[b, x1 |

rule 27

3.3. f a—l—#ﬁ@(m) dx



rule 2620

rule 2694

rule 2720

rule 3011

rule 3042

rule 3802
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Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((FO~(u)*((£_.) + (g_)*(x)) " (m_.))/((a_.) + (b_D)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~™2 - 4*a*c, 2]}, Simp[2*(c/q) Int
[(f + gkx)"m*x(F"u/(b - q + 2*%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[FI[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x D))~ (a_.)1*((E_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*X)Am)*(PolyLog[2, (~e)*(F~(c*(a +
b*x))) “nl/(b*c*n*Log[F1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(I*(e +
£xx)) /(b + 2%a*xE~(I*Pi*(k - 1/2))*E~(I*(e + f*x)) - bxE~(2*%I*k*Pi)*E~ (2%I*(
e + £*xx)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[2+k] && NeQ
[a"2 - ™2, 0] && IGtQ[m, O]

3

3.3. f m dx
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rule 5096 Int[(x_)"(m_.)*((a_) + (b_.)*Sin[(c_.) + (d_.)*(x_)1"2)"(n_), x_Symbol] :>
Simp[1/2°n  Int[x"m*(2*a + b - b*Cos[2*c + 2*d*x])~n, x], x] /; FreeQ[{a,
b, c, d}, x] & NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, 0] & (EqQ[n, -1] ||
(EqQ[m, 1] && EqQ[n, -21))

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}, X] && EqQ[b*d, a*e]

rule 7163 Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_)))) " (p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Simp[f*(m/(bxc*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, O]

3.3.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 852 vs. 2(311) = 622.

Time = 0.57 (sec) , antiderivative size = 853, normalized size of antiderivative = 2.08

method | result size

risch Expression too large to display | 853

input ‘ int (x~3/(a+sin(x) ~2%*b) ,x,method=_RETURNVERBOSE)

3

3.3. f m d.’E



output
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1/2¢1/ (a% (a+b) )~ (1/2) / (2% (a% (a+b) ) ~ (1/2) +2%a+b) ¥1n (1-brexp (2+T+x) / (2% (a* (a

+b)) " (1/2)+2*a+b) ) ¥b*x~3-3/4*I/(a*(a+b)) ~(1/2) *x*polylog(3,b*exp (2*%I*x) /(-
2% (ax(a+b))~(1/2)+2*a+b) ) +I/(ax(a+b)) ~(1/2) /(2% (ax(a+b)) ~(1/2) +2*a+b) *1n(1
-b*exp (2*I*x)/(2*(a*(atb)) ~(1/2)+2*a+b) ) *a*xx~3+1/2/ (2% (a* (a+b)) ~(1/2) +2*a+
b)*x~4+1/2/(ax(a+b))~(1/2) /(2% (ax (a+b)) ~(1/2) +2*a+b) *a*x~4+1/4/ (ax (a+b)) ~(
1/2) /(2% (a*x(at+b) )~ (1/2) +2*%a+b) ¥b*x~4+3/2*I/ (2% (ax (a+b) )~ (1/2) +2*a+b) *polyl
0g(3,b*xexp (2xI*x)/(2*(a*(a+b) )~ (1/2)+2*a+b) ) *xx+3/2/ (2% (a* (a+b) ) ~(1/2) +2*a+
b)*polylog(2,b*exp(2*I*x) /(2% (a*x(at+b))~(1/2)+2*a+b))*x~2-1/2*I/(a*(at+b))~(
1/2)*x~3*1n(1-b*exp (2xI*x) /(-2 (ax (a+b)) ~(1/2)+2*a+b) )+I/(2*(a*x(at+b))~(1/2
) +2%a+b) *1n (1-bxexp (2xI*x) /(2% (a*(a+b)) ~(1/2)+2*a+b) ) *x~3+3/2/ (ax (at+b) )~ (1
/2) /(2% (a*x(a+b)) "~ (1/2) +2*a+b) *polylog(2,b*exp (2xI*x) /(2% (a* (a+b) ) ~(1/2) +2x*
a+b) ) *a*x~2+3/4/(a*x(a+b) )~ (1/2) /(2% (ax(a+b)) ~(1/2) +2*a+b) *polylog(2,b*exp (
2xI*x) /(2% (ax(a+b)) ~(1/2)+2*a+b)) *b*x~2-3/4/ (2* (ax (a+b) ) ~(1/2) +2*a+b) *poly
log(4,b*exp(2*I*x)/(2*(ax(atb))~(1/2)+2*a+b))-3/4/(a*x(a+b))~(1/2)/(2*x(ax(a
+b) ) ~(1/2)+2*a+b) *polylog(4,bxexp (2*¥I*x) /(2% (a*(a+b)) ~(1/2)+2*a+b) ) *a-3/8/
(ax(a+b) )~ (1/2)/(2x(a*(a+b)) ~(1/2)+2*a+b) *polylog(4,b*exp (2*xI*x)/ (2* (a* (a+
b))~ (1/2)+2%a+b) ) ¥b+3/2*I/(a*(a+b)) ~(1/2) / (2% (a*(a+b) ) ~(1/2) +2*a+b) *polylo
g(3,bxexp (2xI*x)/(2x(ax(a+b))~(1/2)+2*a+b) ) *axx-1/4/ (a*x(a+b)) ~(1/2) *x~4-3/
4/ (a*x(a+b))~(1/2)*x~2*polylog(2,b*exp (2*I*x) /(-2 (a* (a+b) )~ (1/2)+2*a+b) ) +3
/4%I/(ax(a+b))~(1/2)/(2x(ax (at+b) )~ (1/2)+2*a+b) *polylog(3,b*exp (2*I*x) /(...

3.3.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 3188 vs. 2(307) = 614.

Time = 1.22 (sec) , antiderivative size = 3188, normalized size of antiderivative = 7.76

3
/ a—i—+m2(x) dz = Too large to display

input | integrate (x~3/(atb*sin(x)~2),x, algorithm="fricas")

3

3.3. f m dx




output
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-1/4*%(-I*b*x~3*sqrt((a~2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (2*Ixa + Ix*
b)*sin(x) - 2*(b*cos(x) + I*b*sin(x))*sqrt((a™2 + axb)/b~2))x*sqrt ((2*bxsqr
t((a™2 + a*b)/b~2) + 2*a + b)/b) - b)/b) + I*b*x"3*sqrt((a”2 + a*xb)/b~2)*1
og((((2*%a + b)*cos(x) - (2*I*a + Ixb)*sin(x) - 2*(b*cos(x) - I*b*sin(x))*s
grt((a”2 + a*b)/b~2))*sqrt((2*bxsqrt((a”2 + a*b)/b~2) + 2*xa + b)/b) + b)/b
) + Ixbxx"3*sqrt((a”2 + axb)/b~2)*1log(-(((2*¥a + b)*cos(x) + (-2%I*a - I*b)
*sin(x) - 2x(b*cos(x) - I*b*sin(x))#*sqrt((a~2 + a*b)/b~2))*sqrt((2xb*sqrt(
(a”2 + a*b)/b~2) + 2*a + b)/b) - b)/b) - I*b*x~3*sqrt((a~2 + a*b)/b~2)*log
((((2%a + D)*cos(x) - (-2*Ixa - Ixb)*sin(x) - 2*(bxcos(x) + I*bxsin(x))*sq
rt((a”™2 + axb)/b~2))*sqrt ((2*b*sqrt((a”2 + axb)/b~2) + 2*a + b)/b) + b)/b)
+ Ixb*x~3xsqrt((a”2 + axb)/b~2)*log(-(((2%a + b)*cos(x) + (2%Ixa + I*b)*s
in(x) + 2*(b*cos(x) + Ixb*sin(x))*sqrt((a”2 + ax*b)/b~2))*sqrt(-(2xbxsqrt ((
a~2 + a*b)/b~2) - 2xa - b)/b) - b)/b) - Ixb*x"3*sqrt((a”2 + a*b)/b~2)*log(
(((2*xa + b)*cos(x) - (2xI*a + I*b)*sin(x) + 2*(b*cos(x) - I*b*sin(x))*sqrt
((a"2 + a*b)/b~2))*sqrt (- (2*b*sqrt((a”2 + a*b)/b~2) - 2*¥a - b)/b) + b)/b)
- Ixb*x"3*sqrt((a”2 + a*b)/b~2)*log(-(((2*%a + b)*cos(x) + (-2xIxa - I*b)*s
in(x) + 2*(b*cos(x) - I*b*sin(x))*sqrt((a”2 + ax*b)/b~2))x*sqrt(-(2*b*sqrt ((
a”2 + a*b)/b~2) - 2%a - b)/b) - b)/b) + Ixbxx~3*sqrt((a~2 + axb)/b~2)*log(
(((2*%a + b)*cos(x) - (-2*I*a - Ixb)*sin(x) + 2*(b*cos(x) + I*bxsin(x))*sqr
t((a™2 + a*b)/b~2))*sqrt(-(2*b*sqrt((a”2 + a*b)/b~2) - 2*a - b)/b) + b)...

-

3.3.6 Sympy [F]

z3 z3
L S SO R AN
/a+bsin2(3:) v /a+bsin2(x) v

inputLintegrate(x**S/(a+b*sin(x)**2),X)

~—

output‘Integral(x**S/(a + b*sin(x)**2), x)

3

3.3. f m dx
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3.3.7 Maxima [F]

3 3
— dex= | ———dx
/ a + bsin?(z) ! / bsin (z)* + a

input Lintegrate (x73/(at+b*sin(x) ~2) ,x, algorithm="maxima")

output Lintegrate (x73/(b*sin(x)~2 + a), x)

3.3.8 Giac [F]

3 z?
/—.deU:/#dz
a + bsin®(z) bsin (z)” +a

input Lintegrate (x~3/(atb*sin(x)~2),x, algorithm="giac")

output Lintegrate (x73/(b*sin(x)"2 + a), x)

3.3.9 Mupad [F(-1)]

Timed out.

z3 z?
/ a + bsin?(z) / bsin (z)* +a

input‘ int(x~3/(a + b*sin(x)"~2),x)

output Lint(x“s/(a + b*sin(x)~2), x)

3

3.3. f a—i—#n%x) d.’L'



output
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T

3.4 f (a+bsin?(c+dz)) Lo

34.1 Optimalresult . .. ... ... ... .. H3l
3.4.2 Mathematica [B] (warning: unable to verify) . . . . . . .. ... ... .. .. !
3.4.3 Rubi [A] (verified) . . . . . ... .. 55
3.44 Maple [B] (verified) . ... ... . ... .. 59
3.4.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 601
3.4.6 Sympy [F(-1)] . . . . o 61l
347 Maxima [F(-1)] . . . . .. 62
348 Giac [F] . . . o e 62
349 Mupad [F(-1)] . . . oo 62

3.4.1 Optimal result

Integrand size = 16, antiderivative size = 329

. pe2i(ct+dz)
T o _z(2a +b)xlog (1 — m)

(a + bsin®(c + dz))? 4a3/2(a + b)3/2d

. e2i(c+da:)
2(2(1 + b)xlog (]_ — m)

4a3/%(a + b)3/2d
_ log(2a + b — beos(2¢ + 2dz))
4a(a + b)d?

pe2i(ctdz)
(2CL + b) PO].YLOg (2, m)

8a%/2(a + b)3/2d2

pe2i(ctdz)
(2@ + b) POIYLOg (2, m)

8a3/2(a + b)3/2d?
bx sin(2c + 2dx)
_|_
2a(a + b)d(2a + b — bcos(2¢ + 2dx))

+

+

/

-1/4%1n(2*a+b-b*cos (2*d*x+2*c) ) /a/ (a+b) /d"2-1/4*I*(2*a+b) *x*1n (1-b*exp (2*I
*x (d*x+c) )/ (2*xat+b-2*a~(1/2)*(a+b) ~(1/2))) /a~(3/2) / (a+b) ~(3/2) /d+1/4*I*(2*a+
b) *x*1n (1-bxexp (2*I*(d*x+c))/(2xa+b+2*a~(1/2)*(a+b)~(1/2)))/a~(3/2)/(a+b)~
(3/2) /d-1/8*(2*a+b) *polylog(2,b*exp (2*I* (d*x+c) )/ (2*a+b-2*a~ (1/2) *(a+b) ~ (1
/2)))/a~(3/2)/(a+b)~(3/2)/d~2+1/8%(2*a+b) *polylog(2,b*exp (2*xI* (d*x+c) )/ (2%
a+b+2xa”~ (1/2)*(a+b)~(1/2)))/a”~(3/2)/(a+b) " (3/2) /d"2+1/2¥bxx*sin (2*d*x+2%c)
/a/ (a+b) /d/ (2%a+b-b*cos (2xd*x+2%c) )
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3.4.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 855 vs. 2(329) = 658.

Time = 15.25 (sec) , antiderivative size = 855, normalized size of antiderivative = 2.60

x - besin(2(c + dz)) — b(c + dx) sin(2(c + dz))
(a + bsin2(c + dz))” 2a(a + b)d?(—2a — b+ beos(2(c + dx)))

9 4(2a+b)carctan<w> 9 9 i(
cos’(c+dz) | — NCVET + 2log (sec’*(c + dz)) — 2log (a + (a + b) tan®(c + dx)) — —

+

input Integratel[x/(a + b*Sin[c + d*x]~2)"2,x]

output

N

(bxc*Sin[2*(c + d*x)] - b*(c + d*x)*Sin[2*(c + d*x)])/(2*a*(a + b)*d"2x(-2
*a - b + bxCos[2*%(c + d*x)])) + (Cosl[c + d*x] 2x((-4*(2*a + b)*cxArcTan[(S
grt[a + bl*Tan[c + d*x])/Sqrtl[al]l)/(Sqrt[al*Sqrt[a + b]) + 2*Log[Seclc + 4
*x] 2] - 2#Logla + (a + b)*Tan[c + d*x]~2] - (I*(2*a + b)*(Log[l - I*Tan[c
+ d*x]]*Log[(Sqrt[a]l - Sqrt[-a - bl*Tan[c + d*x])/(Sqrt[a] + IxSqrt[-a -
bl)] + PolyLogl[2, (Sqrtl[-a - bl*(1 - I*Tan[c + d*x]))/((-I)*Sqrt[a] + Sqrt
[-a - b])]1))/(Sqrt[al*Sqrt[-a - b]) + (I*(2*a + b)*(Log[l - I*Tan[c + d*x]
I1*Log[(Sqrt[a]l + Sqgrt[-a - bl*Tan[c + d*x])/(Sqrt[a]l] - IxSqrt[-a - bl)] +
PolyLog[2, (Sqrt[-a - b]l*(1 - I*Tan[c + d*x]))/(I*Sqrt[al + Sqrt[-a - b]l)]
))/(Sqrt[al*Sqrt[-a - b]) - (I*(2*a + b)*(Log[1l + I*Tan[c + d*x]]*Log[(Sqr
t[a]l + Sqgrt[-a - bl*Tan[c + d*x])/(Sqrt[a] + I*Sqrt[-a - b]l)] + PolyLogl2,
(Sqgrt[-a - b]l*(1 + I*Tan[c + d*x]))/((-I)*Sqrt[a] + Sqrt[-a - bl)]1))/(Sqr
t[al*Sqrt[-a - b]) + (I*(2*a + b)*(Log[l + I*Tan[c + d*x]]*Log[(Sqrt[a] -
Sqrt[-a - bl*Tan[c + d*x])/(Sqrtl[a]l - I*Sqrt[-a - bl)] + PolyLogl[2, (Sqrtl[
-a - b]*(1 + I*Tan[c + d*x]))/(I*Sqrt[al + Sqrt[-a - bl)]1))/(Sqrt[al*Sqrt[
-a - b]))*(2x(2*a + b)*d*x - bxSin[2*(c + d*x)])*(Sqrtl[a]l - Sqrt[-a - bl*T
an[c + d*x])*(Sqrt[a]l + Sqrt[-a - bl*Tan[c + d*x]))/(4*a*(a + b)*d~2*(-2*a
- b + b*Cos[2*(c + d*x)])*((2*a + b)*(2%c - IxLog[l - IxTan[c + d*x]] + I
*Log[1 + I*Tan[c + d*x]]) + b*Sin[2x(c + d*x)]))
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3.4.3 Rubi [A] (verified)

Time = 1.19 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.00,

number of steps used = 15, number of rules used = 14, umber of rules _ () g75 Ryjes
integrand size

used = {5096, 3042, 3805, 25, 3042, 3147, 16, 3802, 25, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ d dx
(a + bsin?(c+ dac))2
l 5096

4/ o dz
(2a + b — beos(2¢c + 2dx))?
| 3042

X

4/ - 2da:
(2a+b—bsin (2c+2dz + %))

| 3805
in(2c+-2d;
4 (20’ + b) f 2a+b—b c:s(2c+2dw) dx b f B 2a+2—lgcf)s(2ca—:i-)2dz) dx bx Sin(2C + 2d$)
4a(a +b) 8ad(a + b) 8ad(a + b)(2a — bcos(2¢c + 2dzx) + b)
| 25
sin(2c+2dx
4 (20’ + b) f 2a+b—b cgs(2c+2d:c) dzx . b f 2a+b—l§cos(2c+)2dx) dx bx sin(2c + 2d$)
4a(a +b) 8ad(a +b) 8ad(a + b)(2a — bcos(2¢c + 2dz) + b)
| 3042
z cos(2c+2dz—I)
. (20 +0) 2atb—bsin (2c+ 245+ 5) & B bJ 2a+b+bsin 2+ 2ds—T) O N bz sin(2c + 2dx)
4a(a+b) 8ad(a + b) 8ad(a + b)(2a — bcos(2¢ + 2dzx) + b)
| 3147
af - J 2a+b_bcols(2c+2dx)d(_bCOS(2C + 2dz)) + (2a+0) [ 2a+b—bsin(x2c+2dz+g) dz bx sin(2c + 2dx)
16ad?(a + b) 4a(a +b) 8ad(a + b)(2a — bcos(2¢c + 2d

| 16
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(20 +0) 2a+b—bsin(x2c+2dm+g) dz _ log(2a — beos(2¢ + 2dz) +b) bx sin(2c + 2dx)
4a(a +b) 16ad?(a + b) 8ad(a + b)(2a — bcos(2¢c + 2dz) + b)
| 3802
e2i(ctdz) 4 d
(2a+0) [ - AT D) b1 b—2(2a4b)e2ilctdn) 3T B log(2a — bcos(2¢ + 2dz) + b) bz sin(2¢ + 2dx)
2a(a +b) 16ad?(a + b) 8ad(a + b)(2a — bcos(2¢ + 2dz) -

| 25

2i(ct+dx)
B (2a+0) [ e4i(c+dm)b_ib_z(zafb)e%(c-rdw) dx _ log(2a — beos(2¢ + 2dz) +b) bx sin(2c + 2dx)
2a(a + b) 16ad?(a + b) 8ad(a + b)(2a — bcos(2¢ + 2dz) -
l 2694
e2i(ctdz) e2i(ctdz)
(2a+b) bf - 2(2a+2vaFbyva—be2i(c+de) p) e bf _2(2a—2«/m\/6—be2"(c+d“’)+b) dz
2v/ava+b - 2/av/a+b
4 vave vave log(2a — bcos(2¢ + 2dz) + b
2a(a +b) 16ad?(a +b)
l 27
e2i(c+dz) e2i(ctdz)
(2a + b) bf 2a_2\/mﬁ_be2i(C+dm)+bdx i bf 2a+2\/mﬁ—be2i(c+dz)+bdw
4 4vavatb 4vavath log(2a — bcos(2c + 2dz) + b) N
2a(a+0b) 16ad?(a +b) 8ad|
l 2620
. ¢24(c+dx) . ¢24(c+dx) . 24 (c+dx) X ¢24(c+dx)
b(leog(l—W:W) _1f10g(1_2af2\/r:—b\fa+b>dz) b <z:c log(l—WZM)) _1flog<1—m
2bd 2bd 2bd 2bd
(2a +) 4Javatd - 4/avatd
4| —
2a(a + b)
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| 2715
i pe2i(ctda) . —2i(ctd pe2i(ctdz) 2i(c+d i pe2i(ctdz) '
b(mog(lm) e g (1 b )4 $>> b(mog(lm«m+za+b) e
2bd 4bd2 2bd
(2a+b) 4y/av/a+b o 4y
41 —
2a(a +b)
| 2838
pe2i(ct+dz) X pe2i(ct+dz) pe2t(ctdz) . pe2i(ct+dz)
b PolyLog (Z,W) iz log(l—m> b PolyLog (Z,W) +‘Lw log(l—m
4bd?2 + 2bd 4bd2 2bd
(2a +b) 4yav/atb - 4/av/ath
4| —

2a(a +b)

input | Int[x/(a + b*Sin[c + d*x]~2)~2,x]

output 4*(-1/16xLog[2*a + b - b*Cos[2*c + 2xd*x]]/(ax(a + b)*d"2) - ((2*a + b)*((
bx (((I/2)*x*Log[1l - (b*E~((2*xI)*(c + d*x)))/(2%a + b - 2+Sqrt[a]l*Sqrt[a +

b1)1)/(b*d) + PolyLogl[2, (b*E~((2*I)*(c + d*x)))/(2*a + b - 2xSqrt[a]*Sqrt
[a + b])]1/(4*bxd~2)))/(4xSqrt[al*Sqrt[a + bl) - (b*x(((I/2)*x*Logll - (b*E~
((2*xI)*(c + d*x)))/(2*a + b + 2*Sqrt[a]*Sqrtla + bl)])/(b*xd) + PolyLogl2,

(b*E~((2%xI)*(c + d*x)))/(2*xa + b + 2+Sqrt[a]l*Sqrt[a + b]l)]/(4*%b*xd"2)))/(4*
Sqrt[al*Sqrt[a + bl)))/(2*xax(a + b)) + (b*x*Sin[2*c + 2*d*x])/(8*a*x(a + b)
*d*(2%a + b - b*Cos[2xc + 2xd*x])))
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3.4.3.1 Defintions of rubi rules used

ruk316‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘b*x, x11/b), x] /; FreeQl{a, b, c}, x]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2694 Int [((F_)~(u_)*((£_.) + (g_.)*(x_)) " (@m_.))/((a_.) + (b_)*(F_)"(u) + (c_.)
*(F_)"(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Simp[2x(c/q) 1Int
[(f + g*x)"m*(F"u/(b - q + 2*c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2*cxF~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

rule 2715 | Int [Log[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 3147 Int[cos[(e_.) + (£_.)*(x_)1"(p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)
/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a~2 - b~2, 0]

rule 3802 | Int[((c_.) + (A_.)*(x))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pi*x(k_.) + (£f_.)*(

x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(I*(e +

£f*x))/(b + 2*a*E~(I*Pi*x(k - 1/2))*E~(I*(e + f*x)) — b*E~(2*I*k*Pi)*E~ (2*I*(
e + £*x)))), x], x] /; FreeQl[{a, b, c, d, e, £}, x] && IntegerQ[2*k] && NeQ
[a”2 - b2, 0] && IGtQ[m, O]

rule 3805 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*x]/(f*x(a”2 - b~2)*(a + b*Sin[e + f
*x]))), x] + (Simp[a/(a”2 - b™2) Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x]
, x] - Simp[b*d*(m/(f*(a”2 - b™2))) Int[(c + d*x)~(m - 1)*(Cos[e + fxx]/(
a + bxSinf[e + f*x])), x], x]) /; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[a~2 -
b~2, 0] && IGtQ[m, O]

rule 5096 Int[(x_)~(m_.)*((a_) + (b_.)*Sin[(c_.) + (d_.)*(x_)1°2)~(n_), x_Symboll :>

Simp[1/2°n  Int[x"m*(2*a + b - b*Cos[2*c + 2xd*x])~n, x], x] /; FreeQl{a,

b, c, d}, x] && NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, 0] && (EqQ[n, -11 1|
(EqQ[m, 1] && EqQ[n, -21))

3.4.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2168 vs. 2(275) = 550.

Time = 1.27 (sec) , antiderivative size = 2169, normalized size of antiderivative = 6.59

method | result size
risch Expression too large to display | 2169

input Lint (x/ (atb*sin(d*x+c) ~2) ~2,x,method=_RETURNVERBOSE)
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/I/d“2/(a+b)*a/(a*(a+b))“(1/2)/(2*(a*(a+b))”(1/2)+2*a+b)*1n(1—b*exp(2*1*(d*

x+c))/(2x(a*x(a+b)) = (1/2)+2*a+b) ) *c+I/d/ (a+b) *a/ (a*(a+b)) ~(1/2) / (2% (a* (a+b)
)~ (1/2)+2*a+b) *1n (1-b*exp (2*%I* (d*x+c) )/ (2* (ax(a+b) )~ (1/2) +2*%a+b) ) *x+I1/d~2/
(a+b) /(ax(a+b)) ~(1/2) /(2% (ax(a+b)) ~(1/2) +2*a+b) *1n (1-b*exp (2*¥I* (d*x+c)) /(2
*(ax(a+b) )~ (1/2)+2*a+b) ) *bxc+1/2/d/ (a+b) /a*b~2/ (ax (a+b)) ~(1/2) /(2% (a*x (a+b)
)~ (1/2)+2%a+b) *c*x+I/d/ (a+b) / (ax (a+b) )~ (1/2) / (2% (a* (a+b) )~ (1/2) +2*a+b) *1n(
1-bxexp (2*I* (d*x+c)) /(2% (ax(a+b) )~ (1/2)+2*a+b) ) *b*x-1/2*1/d"2/ (a+b) /axb*c/
(a~2+axb) " (1/2)*arctanh (1/4* (-2*b*xexp (2*I* (d*x+c) ) +4*a+2%b) / (a~2+a*b) ~(1/2
))+1/2%1/d"2/ (at+b) /a*b/ (2% (ax (a+b) )~ (1/2)+2*a+b) *1n (1-b*exp (2*I* (d*x+c))/(
2% (ax(a+b))~(1/2)+2*a+b) ) *c-1/4%1/d"2/ (a+b) /a*b/(a*(a+b)) ~(1/2) *1n(1-b*exp
(2*I* (d*x+c))/ (-2*(ax (a+b) ) ~(1/2) +2*a+b) ) *c-1/4*I/d/ (a+b) /a*xb/ (a*(a+b) )~ (1
/2)*1n(1-bxexp (2*I*(d*x+c)) /(2% (ax (a+b) )~ (1/2)+2*a+b) ) *x+1/2*I/d/ (a+b) /ax*
b/ (2% (ax(a+b) )~ (1/2) +2*a+b) *1n(1-b*exp (2*xI* (d*x+c) )/ (2x(ax(a+b)) ~(1/2)+2*a
+b) ) *x—T*x* (2*xexp (2*%I* (d*x+c) ) *a+b*exp (2*I* (d*x+c))-b) /a/(a+b) /d/ (-bxexp(4
*I* (d*x+c) ) +4*exp (2xI* (d*x+c) ) *a+2*b*exp (2% I* (d*x+c) ) -b)+1/(a+b) /(a*(a+b))
~(1/2)/ (2% (ax(a+b) )~ (1/2) +2*a+b) *x~2xb+1/d"2/ (a+b) / (2% (a* (a+b) ) ~ (1/2) +2*a+
b)*c~2+1/2/d"2/ (a+b) / (2% (a* (a+b) ) ~(1/2) +2*a+b) *polylog (2, b*exp (2*I* (d*x+c)
)/ (2% (ax(a+b))~(1/2)+2*a+b))-1/2/d"2/ (a+b) / (ax(a+b) ) ~(1/2) *c~2-1/4/d"2/ (a+
b)/(a*x(a+b) )~ (1/2) *polylog(2,b*exp (2*I* (d*x+c))/ (-2*(a*(a+b) )~ (1/2)+2*a+b)
)-1/4/d4"2/ (a+b) /a*1n(-b*exp (4*I* (d*x+c))+4*exp (2+xI* (d*x+c) ) *a+2*b*exp (2. ..

3.4.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 3960 vs. 2(280) = 560.

Time = 1.94 (sec) , antiderivative size = 3960, normalized size of antiderivative = 12.04

T
dz = Too large to displa;
/ (a + bsin?(c + dz))? & Py

input  integrate(x/(a+b*sin(d*x+c)~2)"2,x, algorithm="fricas")
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-1/8%(4*(a"2%b + a*b~2)*d*x*cos(d*x + c)*sin(d*x + c) + (2%xa”2%b + 3xa*b~2
+ b3 - (2*a*b~2 + b~3)*cos(d*x + c)"2)*sqrt((a”2 + axb)/b~2)*dilog((((2x*
a + b)*cos(d*x + c) + (2*I*a + I*b)*sin(d*x + c) - 2*(bxcos(d*x + c) + I*b
*sin(d*x + c))*sqrt((a”2 + a*b)/b~2))*sqrt((2*xb*sqrt((a”2 + a*b)/b~2) + 2%
a+b)/b) -b)/b + 1) + (2*¥a"2*b + 3*a*b”2 + b3 - (2*xa*xb”2 + b~3)*cos(d*x
+ ¢)72)*sqrt((a”2 + a*b)/b"2)*dilog(-(((2%a + b)*cos(d*x + c) - (2xI*a +
I*b)*sin(d*x + c) - 2x(b*cos(d*x + c) - Ixb*sin(d*x + c))*sqrt((a”2 + a*b)
/b~2)) *sqrt ((2xbxsqrt((a~2 + a*b)/b"2) + 2*a + b)/b) + b)/b + 1) + (2*a~2*
b + 3*xa*b™2 + b~3 - (2¥a*b”2 + b~3)*cos(d*x + c)"2)*sqrt((a”2 + axb)/b~2)*
dilog((((2%a + b)*cos(d*x + c) + (-2xI*a - I*b)*sin(d*x + c) - 2*(b*cos(d*
x + ¢) - Ixbxsin(d*x + c))*sqrt((a”2 + a*b)/b"2))*sqrt((2*bxsqrt((a~2 + ax*
b)/b~2) + 2*xa + b)/b) - b)/b + 1) + (2%a"2*b + 3*a*b”™2 + b~3 - (2*%a*b”2 +
b~3)*cos(d*x + c)~2)*sqrt((a”2 + a*b)/b~2)*dilog(-(((2*a + b)*cos(d*x + c)
- (-2xI*a - I*b)*sin(d*x + c) - 2*(b*cos(d*x + c) + Ixb*sin(d*x + c))*sqr
t((a"2 + axb)/b~2))*sqrt ((2*b*sqrt((a”2 + a*b)/b”2) + 2*a + b)/b) + b)/b +
1) - (2%a”2%b + 3*a*b”2 + b~3 - (2*a*b~2 + b~3)*cos(d*x + c) 2)*sqrt((a~2
+ axb)/b~2)*dilog((((2*a + b)*cos(d*x + c) + (2xIxa + Ixb)*sin(d*x + c) +
2x(b*cos(d*x + c) + Ixb*sin(d*x + c))*sqrt((a”2 + a*b)/b~2))*sqrt(-(2*b*s
grt((a”2 + a*b)/b~2) - 2*%a - b)/b) - b)/b + 1) - (2%¥a”2xb + 3*axb~2 + b~3
- (2*a*xb”2 + b~3)*cos(d*x + c)~2)*sqrt((a”2 + a*b)/b~2)*dilog(-(((2*a +...

3.4.6 Sympy [F(-1)]

Timed out.

/ z 5 dr = Timed out
(a + bsin?(c + dx))

inputLintegrate(x/(a+b*sin(d*x+c)**2)**2,x)

outputLTimed out

34 | ey %
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3.4.7 Maxima [F(-1)]

Timed out.

/ z 5 dr = Timed out
(a + bsin?(c + dx))

input tintegrate (x/ (atb*sin(d*x+c)~2)~2,x, algorithm="maxima")

output LTimed out

3.4.8 Giac [F]

T T
/ — 2dx=/ 5 5 dx
(a + bsin?(c + dx)) (bsin (dz + ¢)” + a)

input Lintegrate (x/ (a+b*sin(d*x+c)~2)"2,x, algorithm="giac")

output Lintegrate(x/(b*sin(d*x +c)72 + a)72, x)

3.4.9 Mupad [F(-1)]

Timed out.

xr X
/ 5 de:/ 2 5 dx
(a + bsin®(c + dz)) (bsin(c+dz)” +a)

inputtint(x/(a + bxsin(c + d*x)~2)"2,x)

output Lint(x/(a + bxsin(c + d*x)~2)"2, x)

34| rmrerany
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3.5 [ z+/sin?(z) dz

3.5.1 Optimalresult . . .. ... ... . ... .. . 631
3.5.2 Mathematica [A] (verified) . . . . . .. ... ... L 63
3.5.3 Rubi [A] (verified) . . .. .. ... .. 64
3.5.4 Maple [C] (verified) . ... ... ... .. ... ... 65
3.5.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... .... 66
3.5.6 Sympy [A] (verification not implemented) . . ... ... ... ... ..... 66
3.5.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 661
3.5.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 67
3.5.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 67

3.5.1 Optimal result

Integrand size = 10, antiderivative size = 22

/:c\ /sin?(z) dz = \/sin?(x) — x cot(x)4/sin(x)

output ‘ (sin(x)"2)~(1/2)-x*cot (x)*(sin(x)~2)~(1/2)

3.5.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/x\/sinz(z) dr = (1 — z cot(x))4/sin?(z)

-

input LIntegrate [x*Sqrt [Sin[x]~2],x]

—/

output L(l - x*Cot [x])*Sqrt [Sin[x] 2]

-/

35.  [z/sin*(z)dz
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3.5.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {7271,

’ integrand size
3042, 3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x\ /sin?(z) dz

| 72m
\/sin?(z) csc(x) / z sin(z)dz
| 3042

sin?(z) csc(x) / T sin(x)dx

| 3777
\/sin?(z) csc(m)(/ cos(z)dx — z cos(z))
| 3042
sin?(z) csc(z) (/ sin <:r + g) dx — xcos(m))
| 3117

\/sin?(z) csc(z)(sin(x) — z cos(x))

input LInt [x*Sqrt[Sin[x]~2],x]

output LCsc [x]*Sqrt [Sin[x]~2]*(-(x*Cos[x]) + Sin[x])

35.  [z/sin*(z)dz



rule 3042

rule 3117

rule 3777

rule 7271
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3.5.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + f£*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + f*x], x]1, x] /; FreeQl{c, 4, e, f}, x] && GtQ[m, O]

Int[(u_.)*((a_.)*(v_)"(m_.))"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a*v'm)~
FracPart [p]/v" (m*FracPart[p]l))  Int[u*v~(m*p), x], x] /; FreeQ[{a, m, p},
x] && !'IntegerQ[p] && !FreeQ[v, x] && !(EqQ[a, 1] &% EqQ[m, 1]) && !(Eq
Qlv, x] && EqQ[m, 1])

3.5.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.39 (sec) , antiderivative size = 75, normalized size of antiderivative = 3.41

method | result size
) i/ —(e2ir—1)%e=2i% e2iT (g 44) 4y /—(e2iz—1)%e—2i® (z—i)
risch - 527 —1) - S —1) 75

input Lint (x*(sin(x)~2)~(1/2) ,x,method=_RETURNVERBOSE)

output ‘ -1/2%I* (- (exp(2*I*x)-1) "2xexp(-2*I*x) )~ (1/2)/(exp(2*I*x)-1) *exp (2*I*x) * (x+

‘I)-1/2*I*(-(exp(2*I*x)-1)“2*exp(-2*I*x))“(1/2)/(exp(2*I*x)-1)*(x-I)

35.  [z/sin*(z)dz
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3.5.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.36

/ z+/sin%(z) dz = —z cos () + sin ()

inputLintegrate(x*(sin(x)‘2)‘(1/2),x, algorithm="fricas")

output | -x*cos(x) + sin(x)

N\

3.5.6 Sympy [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/m\/sinQ(m) dg = — 2 sin” (z) cos (2) + 4/sin? (z)

sin (z)

input Lintegrate (x*(sin(x)**2)**x(1/2) ,x)

output L—x*sqrt(sin(x)**2)*cos(x)/sin(x) + sqrt(sin(x)**2)

3.5.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.41

/x\/sinz(z) dz = x cos (z) — sin (z)

input Lintegrate (x*(sin(x)~2)~(1/2),x, algorithm="maxima")

output Lx*cos(x) - sin(x)

35.  [z/sin*(z)dz
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3.5.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.68

/x\ /sin?(z) dz = —z cos (x) sgn(sin (x)) + sgn(sin (z)) sin ()

input Lintegrate (x*(sin(x)~2)~(1/2),x, algorithm="giac")

-

output

-x*cos (x)*sgn(sin(x)) + sgn(sin(x))*sin(x)

N\

3.5.9 Mupad [B] (verification not implemented)

Time = 27.40 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18

—z1i{j z1i]i) 2 —z1i{j 2li]i 2
/w\/sin2(x)dz=\/<e 5 P 5 1) — z cot(x) \/(e 5 S 5 1)

input Lint (x*x(sin(x)"2)~(1/2),x%)

output}(((exp(—x*1i)*11)/2 - (exp(x*1i)*11)/2)~2)~(1/2) - x*cot (x)*(((exp(-x*1i)*
\11)/2 - (exp(x*1i)*1i)/2)~2)~(1/2)

35.  [z/sin*(z)dz
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3.6 [t~ dx

a+bcos?(x)
3.6.1 Optimalresult . .. ... ... ... ... 68}
3.6.2 Mathematica [B] (verified) . . . . . ... ... . L Lo 68
3.6.3 Rubi [A] (verified) . . . . .. ... . ... 69
3.6.4 Maple [B] (verified) . ... ... . ... .. 72
3.6.5 Fricas [B] (verification not implemented) . . . . . . . . ... ... .. .... 73]
3.6.6 Sympy [F] . . . . . [73]
3.6.7 Maxima [F] . . . . . . . [74]
3.6.8° Giac [F] . . . . . o 74
3.6.9 Mupad [F(-1)] . . . . o o 74

3.6.1 Optimal result

Integrand size = 12, antiderivative size = 203

. beQix . beQim
/ . e _leog <1+—2a+b—2ﬁ¢m> +leog <1+—2a+b+2\/6\/m)
a + bcos?(z) 2/ava +b 2v/ava +b
be2i® pe2iz
_ PolylLog (2~ mesvevars) | PolyLog (2 —5tsvevers)

4v/ar/a+b - 4\/av/a +b

output -1/2*I*x*1n(1+b*exp(2*I*x)/(2*a+b-2*a~(1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b)~(1
/2)+1/2*I*xx*1n (1+b*exp (2*I*x) / (2*a+b+2*a~ (1/2) *(a+b)~(1/2)))/a~(1/2)/(a+b)
~(1/2)-1/4*polylog(2,-b*exp(2*I*x)/(2*a+b-2*a~(1/2)*(at+b)~(1/2)))/a~(1/2)/
(a+b)~(1/2)+1/4*polylog(2,-b*exp (2xI*x)/(2*a+b+2*a~(1/2)*(a+b) ~(1/2)))/a"(
1/2)/(a+b)~(1/2)

3.6.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 532 vs. 2(203) = 406.

Time = 0.48 (sec) , antiderivative size = 532, normalized size of antiderivative = 2.62

[ oo
a + bcos?(x)

4xarctanh(%) + 2arccos (—1 — 22) arctanh(%) + <arccos (-1—22) — 2 (aum:tanh(%”—}_i

3.6. dz

f T
a+b cos?(x)
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input ‘ Integrate[x/(a + b*Cos[x]~2),x]

output | (4xxxArcTanh[((a + b)*Cot[x])/Sqrt[-(ax(a + b))]] + 2*ArcCos[-1 - (2*a)/b]
xArcTanh[(a*xTan[x])/Sqrt[-(a*(a + b))]1] + (ArcCos[-1 - (2#a)/b] - (2*#I)*(A
rcTanh[((a + b)*Cot[x])/Sqrt[-(a*x(a + b))]] + ArcTanh[(a*Tan[x])/Sqrt[-(a*
(a + b))]11))*Log[(Sqrt[2]*Sqrt[-(ax(a + b))])/(Sqrt[b]l*E~ (I*x)*Sqrt[2*a +

b + bxCos[2*x]])] + (ArcCos[-1 - (2%a)/b] + (2*I)*(ArcTanh[((a + b)*Cot [x]
)/Sqrt[-(ax(a + b))]] + ArcTanh[(a*Tan[x])/Sqrt[-(ax(a + b))]]))*Logl[(Sqrt
[2]1*Sqrt[-(ax(a + b))I*E~(I*x))/(Sqrt[bl*Sqrt[2*a + b + b*Cos[2*x]]1)] - (A
rcCos[-1 - (2*a)/b]l + (2*I)*ArcTanh[(a*Tan[x])/Sqrt[-(a*x(a + b))]]1)*Logl[(2
*(a + b)*x((-I)*a + Sqrt[-(a*x(a + b))])*(-I + Tan[x]))/(b*(a + b + Sqrt[-(a
*(a + b))]*Tan[x]))] - (ArcCos[-1 - (2%a)/b] - (2*I)*ArcTanh[(a*Tan[x])/Sq
rt[-(ax(a + b))]1]1)*Log[(2*x(a + b)*(I*a + Sqrt[-(a*(a + b))])*(I + Tan[x]))
/(b*(a + b + Sqrt[-(a*(a + b))]*Tan[x]))] + Ix(PolyLogl[2, ((2*a + b - (2*I
)xSqrt[-(ax(a + b))])*(a + b - Sqrt[-(a*x(a + b))]*Tan[x]))/(b*(a + b + Sqr
t[-(ax(a + b))]*Tan[x]))] - PolyLogl[2, ((2*a + b + (2*I)*Sqrt[-(a*x(a + b))
D=*(a + b - Sqrt[-(a*x(a + b))]1*Tan[x]1))/(b*(a + b + Sqrt[-(a*x(a + b))]*Tan
[x]1))1))/(4*Sqrt[-(a*x(a + b))]1)

3.6.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.01,
number of steps used = 9, number of rules used = 8 number of rules _ 0.667, Rules used

' integrand size
= {5097, 3042, 3802, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ S
a + bcos?(x)
| 5097

z
2 d
/ 2a + b+ bcos(2z) v
| 3042

Z
2
/2a+b+bmn@z+gfm
| 3802

4 / e2imw e
eTh + b+ 2(2a + b)ei=

3.6. dz

f T
a+b cos?(x)
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l 2694
b 2zz$ d b 21zz d
4 f 2(2a—2v/a+by/a+be?ie+b) f (2a+2v/a+by/a+be2i=+b)
2v/ava+b 2y/ava+b
l 27
b 21(5;1; d b Zzzm d
4 f 2a—2v/a+b/a+be2i=+b f 2a+2+v/a+b+/a+be2i®+b
4\/ava+b 4/av/a+b
l'2620

A e2iTy, A pe2iT . e2izy . pe2i® \
zf10g<2a 2\/a+ va+b 1>d e log( 2\/5\/?14- +2a+b> Zflog<2a+2\/a+ by/a+b 1)d za:log( 2\/5\/; +2a+b>
b - 2b b - 2b
4

/

4./av/a+b 4/av/a+b

l 2715

_9; 2ty 2 . beliT _o; 21Ty, 2 .
b<fe i log (5,5 3/aTt /ath H1)desialog(1+— ey ) b Je wlog(z‘a{zﬁfw 1)de?s izlog(1+5 2y

25
4 _
4 /ar/a+b 4y/ava+b
l 2838
21T . 21T 21T 3 21T
_ PolyLog (2~ 5,5 rrars)  @los(1 ‘E;%fiﬁfiiziz) _ PolyLog (2~ gupsetrryays)  @log(1 2vzv%¢f+2a
b b b b
4 _

4v/ar/a+b 4y/ava+b

~—

p
input  Int[x/(a + b*Cos[x]~2),x]

output 4 ((b*(((-1/2%I)*x*Log[1 + (b*E~((2*I)*x))/(2*a + b - 2x3qrt[al*Sqrt[a + b
1)1)/b - PolyLogl[2, -((b*E~((2*I)*x))/(2*a + b - 2*Sqrt[al*Sqrtla + bl))]1/
(4%b)))/(4xSqrt[a]l*Sqrt[a + bl) - (b*(((-1/2*I)*x*Logl[l + (b*E~((2*I)*x))/
(2*%a + b + 2*Sqrt[al*Sqrt[a + b])]1)/b - PolyLogl[2, -((b*E~((2*I)*x))/(2*a
+ b + 2*Sqrt[al*Sqrt[a + b]l))]1/(4%b)))/(4%Sqrt[a]*Sqrt[a + bl))

3.6. f a—i—+052(1:) d.’E



rule 27

rule 2620

rule 2694

rule 2715

rule 2838

rule 3042

rule 3802
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3.6.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(CF)~((g_)*x((e_.) + (£_0*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)“m/(b*xf*g*n*Log[F]))*Logl[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*gxn*xLog[F])) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x

)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

Int [((F_)"(u)*((£f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*axc, 2]}, Simp[2*(c/q) Int
[(f + g*x)"m*x(F~u/(b - q + 2xc*¥F"uw)), x], x] - Simp[2%(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(I*(e +
£xx)) /(b + 2%axE~ (I*Pix(k - 1/2))*E~(I*(e + f*x)) - b*E™(2%I*k*Pi)*E~ (2*I*(
e + £*x)))), x], x] /; FreeQl[{a, b, c, d, e, £}, x] & IntegerQ[2+k] && NeQ

[a”2 - b2, 0] && IGtQ[m, O]

3.6. f a—i—+052(1:) d.’E
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ruk35097‘Int[(Cos[(c_.) + (d_)*(x_)]1"2x(b_.) + (a_))"(n )*(x_)"(m_.), x_Symbol] :>
‘Simp[1/2“n Int[x"m*(2%a + b + b*Cos[2*xc + 2*d*x])~n, x], x] /; FreeQ[{a,
\b, c, d}, x] && NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, 0] && (EqQ[n, -11 || \
. (Eq@Im, 1] && EqQ[n, -21)) |

3.6.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 500 vs. 2(153) = 306.

Time = 0.48 (sec) , antiderivative size = 501, normalized size of antiderivative = 2.47

method | result

; be2iT . b 20T ] 2z
risch “n(l_m)“ ““(km)” ““(PW)’” 2
—2\/a(a+b)—2a—b Valatt) (-2v/a(a+b)—2a-b)  2v/a(atb) (~2v/alatb)—20-b)  —2v/a(at+b)—2a—b

input | int (x/ (a+b*cos(x) ~2) ,x,method=_RETURNVERBOSE)

N\ J

output | -I/(-2*(a*(a+b))~(1/2)-2*a-b)*1n(1-bxexp (2*xI*x)/(-2*(ax(a+b))~(1/2)-2*a-b)
)*x-I/(ax(at+b))~(1/2)/(-2x(a*(a+b) )~ (1/2)-2%a-b) *1n (1-bxexp (2*I*x) / (-2 (ax*
(a+b))~(1/2)-2*a-b)) *a*x-1/2*I/(a*x(a+b) ) ~(1/2) / (-2*(ax(a+b) )~ (1/2) -2*a-b) *
1n(1-b*exp(2*I*x)/(-2*(a*x(a+b))~(1/2)-2*a-b))*b*x-1/(-2*(a*(a+b) )~ (1/2)-2%
a-b)*x~2-1/(a*x(a+b))~(1/2)/ (-2*(a*(a+b)) " (1/2)-2*a-b) *a*x~2-1/2/(a*(a+b) )~
(1/2)/ (-2*(ax(a+b) )~ (1/2) -2*a-b) *b*x~2-1/2/ (-2* (a* (a+b) ) " (1/2) -2*a-b) *poly
log(2,b*exp (2xI*x)/(-2* (a*(a+b)) ~(1/2)-2*a-b))-1/2/(ax(a+b))~(1/2)/ (-2*(ax
(a+b) )~ (1/2)-2*a-b) *polylog(2,b*exp (2xI*x) / (-2* (a* (a+b))~(1/2)-2*a-b) ) *a-1
/4/ (ax(a+b)) ~(1/2)/(-2x(ax(a+b)) ~(1/2) -2*a-b) *polylog(2,bxexp (2*I*x) / (-2*(
ax(a+b))~(1/2)-2xa-b) ) *b-1/2*I/(a* (a+b) )~ (1/2) *x*1n(1-bxexp (2*xI*x) /(2% (a*(
a+b))~(1/2)-2*a-b))-1/2/(ax(at+b))~(1/2)*x~2-1/4/ (a*(a+b)) ~(1/2) *polylog(2,
b*exp (2xI*x) / (2x(a*x (a+b)) ~(1/2)-2*a-b))
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3.6.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1608 vs. 2(149) = 298.

Time = 1.34 (sec) , antiderivative size = 1608, normalized size of antiderivative = 7.92

/ a—i—+osz(x) dz = Too large to display

p
inputLintegrate(x/(a+b*cos(x)“2),x, algorithm="fricas")

| —

output | -1/4* (-Ixb*x*sqrt((a~2 + a*b)/b~2)*log(-(((2*%a + b)*cos(x) + (2xI*a + I*b)
*sin(x) - 2x(b*cos(x) + I*b*sin(x))#*sqrt((a”2 + a*b)/b~2))*sqrt(-(2*b*sqrt
((a”2 + a*b)/b"2) + 2*a + b)/b) - b)/b) + Isb*x*sqrt((a”2 + a*b)/b~2)*log(
(((2*xa + b)*cos(x) - (2xI*a + I*b)*sin(x) - 2*(b*cos(x) - Ixb*sin(x))*sqrt
((a”2 + a*b)/b~2))*sqrt (- (2*xb*sqrt((a”2 + a*b)/b~2) + 2*a + b)/b) + b)/b)

+ I*b*x*sqrt((a”2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (-2xIxa - I*b)*sin
(x) - 2*%(bxcos(x) - I*b*sin(x))*sqrt((a”2 + a*b)/b~2))*sqrt(-(2xb*sqrt((a”
2 + a*b)/b~2) + 2*a + b)/b) - b)/b) - Ixbxx*sqrt((a”2 + axb)/b"2)*Log((((2
*a + b)*cos(x) - (-2xI*a - Ixb)*sin(x) - 2*(bxcos(x) + I*b*sin(x))*sqrt((a
~2 + axb)/b"2))*sqrt(-(2xbxsqrt((a~2 + axb)/b"2) + 2%a + b)/b) + b)/b) + I
*b*x*xsqrt ((a”2 + axb)/b"2)*1log(-(((2*a + b)*cos(x) + (2xI*a + I*b)*sin(x)

+ 2% (bxcos(x) + Ixb*sin(x))*sqrt((a”2 + a*b)/b~2))*sqrt((2xb*sqrt((a”2 + a
*b)/b~2) - 2%a - b)/b) - b)/b) - I*bxx*sqrt((a”2 + a*b)/b~2)*Llog((((2*a +

b)*cos(x) - (2xI*a + I*b)*sin(x) + 2*(bxcos(x) - Ixb*sin(x))*sqrt((a”2 + a
*b) /b~2) ) *sqrt ((2*b*sqrt ((a~2 + axb)/b~2) - 2xa - b)/b) + b)/b) - Ixbkx*sq
rt((a"2 + a*b) /b~2)*log(-(((2*%a + b)*cos(x) + (-2*I*a - I*b)*sin(x) + 2x(b
*cos(x) - Ixb*sin(x))*sqrt((a™2 + a*b)/b~2))*sqrt((2*b*sqrt((a”2 + a*b)/b~
2) - 2%a - b)/b) - b)/b) + I*b*xxsqrt((a~2 + a*b)/b~2)*Llog((((2*a + b)*cos
(x) - (-2*%I*a - I*b)*sin(x) + 2*(b*cos(x) + I*bxsin(x))*sqrt((a~2 + a*b)/b
~2))*sqrt ((2+#b*sqrt((a”2 + a*b)/b~2) - 2*a - b)/b) + b)/b) - bxsqrt((a”...

3.6.6 Sympy [F]

/;dw—/;dm
a+bcos’(z) ) a+bcos?(z)

input{integrate(x/(a+b*cos(x)**2),X)
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outputtlntegral(x/(a + bxcos(x)**2), x)

3.6.7 Maxima [F]

/#dz—/#dw
a+bcos?(z) ~  J beos(z)’+a

inputtintegrate(x/(a+b*cos(x)‘2),x, algorithm="maxima")

outputtintegrate(x/(b*cos(x)‘2 + a), x)

3.6.8 Giac [F]

/;dm—/;dx
a + bcos?(x) beos (z)* +a

inputLintegrate(x/(a+b*cos(x)‘2),x, algorithm="giac")

outputLintegrate(x/(b*cos(x)‘2 + a), x)

3.6.9 Mupad [F(-1)]

Timed out.

/;dx—/;dx
a + bcos?(z) beos (z)* +a

inputtint(x/(a + b*cos(x)"2),x)

outputtint(x/(a + b*cos(x)"2), x)

3.6. f #052(1;) d$
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3.7 | 2y

a+bcos?(x)
3.71 Optimalresult . . . ... ... ... . 751
3.7.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 76
3.7.3 Rubi [A] (verified) . . .. .. ... 76
3.7.4 Maple [B] (verified) . . . ... .. . ... 79
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... R0
3.7.6  Sympy [F] . . . . . Sl
3.7.7 Maxima [F] . . . . . . ’2
3.7.8 Giac [F] . . . o R2
3.79 Mupad [F(-1)] . . . . o 82

3.7.1 Optimal result

Integrand size = 14, antiderivative size = 311

2 iz? log (1 i ) iz” log (1 + L)
/ x v —_ 2a+b—2+/ava+b n 2a-+b+2+/av/a+b
a + bcos?(x) 2\/av/a+b 2v/ava+b
z PolyLog (2’ - 2a+b—b§i;2\/m> z PolyLog (2’ o 2a+bf§i}2\/a+b)
—~ +
2\/av/a+b 2v/ava+b
i PolyLog (3, 5 vavars) 1 PolyLos (3~ ntivevam)
—~ +
4\/5\/0,—{—17 4\/C_L\/(L+b

-1/2%I*x~2%1n(1+b*exp (2*xI*x)/ (2*xa+b-2*a~ (1/2) *(a+b) ~(1/2)))/a~(1/2)/(a+b) "~
(1/2)+1/2*I*x~2%1n (1+b*exp (2*%I*x) / (2*a+b+2*a~(1/2) * (a+b) ~(1/2)))/a~(1/2) /(
a+b) " (1/2)-1/2*xx*polylog(2,-bxexp(2*xI*x)/(2*a+b-2%a~ (1/2)*(a+b)~(1/2)))/a"
(1/2)/(a+b)~(1/2)+1/2*x*polylog(2,-b*exp (2*I*x) / (2*a+b+2*a~ (1/2) *(a+b) ~(1/
2)))/a~(1/2)/(a+b) ~(1/2)-1/4%I*polylog(3,-b*exp (2*I*x)/(2*a+b-2*a~(1/2)*(a
+b)~(1/2)))/a~(1/2) / (a+b) ~(1/2)+1/4*I*polylog(3,-b*exp (2*xI*x) / (2*xa+b+2*a~ (
1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b)~(1/2)

2
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3.7.2 Mathematica [A] (verified)

Time = 4.53 (sec) , antiderivative size = 218, normalized size of antiderivative = 0.70

a + bcos?(x)
be2i®

. 2 be2t® 2 be2t® . .
Z(QJ) IOg (1 + m) — 2z IOg (1 + m) — 2z POlyLOg <2, —m) + 25
4/a(a +

~—

input LIntegrate [x~2/(a + b*Cos[x]~2),x]

output | ((-1/4*I)*(2xx"~2xLog[1 + (b*E~((2*I)*x))/(2%a + b - 2*Sqrt[a*x(a + b)]1)] -
2%x~2*Log[1 + (b*E~((2*%I)*x))/(2%a + b + 2*Sqrt[ax(a + b)])] - (2*I)*x*Pol
yLog[2, -((b*E~((2*I)*x))/(2*a + b - 2xSqrt[a*(a + b)]1))] + (2*I)*x*PolyLo
gl2, -((bxE~((2*I)*x))/(2*a + b + 2xSqrt[a*x(a + b)]))] + PolyLogl[3, -((b*E
“((2*%I)*x))/(2*%a + b - 2*Sqrt[ax(a + b)]1))] - PolyLogl[3, -((b*E~((2*I)*x))
/(2xa + b + 2xSqrt[ax(a + b)]))]1))/Sqrt[a*x(a + b)]

3.7.3 Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 299, normalized size of antiderivative = 0.96,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size — 0.643, Rules used

= {5097, 3042, 3802, 2694, 27, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

./132 d
/ a + bcos?(z) v
l5w7

72
2
/ 2a + b+ bcos(2z) dz
| 3042

2
2/ ac. dx
2a + b+ bsin (2z + )
J,3802
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%iz,.2
e’ Ty
4/ - —dx
eTh + b+ 2(2a + b)ei®

l 2694
2ix .2 2ix .2
bf 2 2a—2\/¢%fa—i—b62”+b dz bf 2 2a+2\/aebea+be2iw+b dx
( ) ( )

4 2y/ava + b - 2vava+b

| 27
e2izw2 e2izz2
4 bf 2a—2\/m\/a+be2iz+bdw _ bf 2a+2\/aer\/Eerem+bdac

4y/a/a + b 4y/a/a +b

l 2620

. e2iTy, . o beli® . 21Ty, . o be2iT
if olog( g rvarizam ) i oe(It ) if o8 (rrvarbamt) e ittt i
b b - 2b b b - 2b

4+/ar/a + b 4+/ar/a + b

l 3011

2b

4y/ar/a+b

l 92720

(1. b 2ix 1 _2; be2iz 2 . o be2iac )
b(2(21xPOWLOg<Z_?a—%;in@+b)_4kfe  PolyLog (2~ 5,5 by ) de) im bg(L+—2va5+#Hm+b)> b(
b 2b

4\/av/a+b

l 7143

(1. be2i® 1 be2iT i 2 be2i® (1, _
b (z(sz PolyLog(Z,—m)—z PolyLog(3,—m)) _ iz log(l+m) ) b <z(2zx PolyLog(2,
b 2b

(1. be2iT 1. be2iT . o beiT (1. |
(b <z<2mPolyLog<2,—m)—ﬁfPolyLog(Q,—MiTW)dm) = 10g<1+m>> b <z<2zz PolyLo
b

( 4/ar/a+b
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rule 27

rule 2620

rule 2694

rule 2720
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‘Int[x”2/(a + bxCos[x]~2),x]

4x ((b* (((-1/2*I)*x"2xLog[1 + (b*E~((2*I)*x))/(2*%a + b - 2*Sqrt[al*Sqrt[a +

b1)1)/b + (I*((I/2)*x*PolyLogl[2, —-((b*E~((2*I)*x))/(2*%a + b - 2*Sqrt[al*S
grtla + b]))] - PolyLog[3, -((b*E~((2*I)*x))/(2*%a + b - 2*Sqrt[al*Sqrt[a +
b1))1/4)) /b)) /(4*%Sqrt[al*Sqrt[a + b]) - (b*(((-1/2*I)*x"2*Log[l + (b*E~((
2xI)*x))/(2%xa + b + 2xSqrt[a]*Sqrtfa + b]l)])/b + (I*((I/2)*x*PolyLogl[2, -(
(b*E~((2%I)*x))/(2%a + b + 24Sqrt[al*Sqrt[a + b]l))] - PolyLog[3, -((b*E~((
2%I)*x))/(2*%a + b + 2*Sqrt[al*Sqrt[a + bl))1/4))/b))/(4xSqrt[al*Sart[a + b
1

3.7.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(C(FL)~((g_)*((e_.) + (F_)*(x))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1 + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((F)~(u )*((£f_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + g*x)"m*x(F"u/(b - q + 2*%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2*cxF~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

2

37 f #052(1;) d.’E




rule 3011

rule 3042

rule 3802

rule 5097
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Int[Logll + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “nl/(b*c*nxLog[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
s f, g, n}, X] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(I*(e +
£xx)) /(b + 2¥axE~ (I*Pix(k - 1/2))*E~(I*(e + f*x)) - b*E™(2%I*k*Pi)*E~ (2*I*(
e + £*x)))), x], x] /; FreeQl[{a, b, c, d, e, £}, x] && IntegerQ[2+k] && NeQ
[a”2 - b~2, 0] && IGtQ[m, O]

Int[(Cos[(c_.) + (d_.)*(x_)]1"2*(b_.) + (a_))"(n )*(x_)"(m_.), x_Symbol] :>
Simp[1/2°n  Int[x"m*(2*a + b + b*Cos[2*c + 2*d*x])~n, x], x] /; FreeQ[{a,
b, c, d}, x] & NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, 0] && (EqQn, -1] ||
(EqQ[m, 1] && EqQ[n, -21))

rule 7143‘Int[PolyLog[n_, (c_)*x((a_.) + (b_)*x_)ND"(p_.)1/0@_.) + (e_.)*(x_)), x_S

‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d

, €, n, p}, x] && EqQ[b*d, axel

3.7.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 709 vs. 2(235) = 470.

Time = 0.45 (sec) , antiderivative size = 710, normalized size of antiderivative = 2.28

method | result
. eQiz .
risch 3 b3 B iz? In (1—%) B o B ia polylog (3,_—2\/
3,/a(a+b) (—2\/a(a+b)—2a—b> —2+/a(a+b)—2a-b 3y/a(a+b) (—2\/a(a+b)—2a—b) 2y/a(a+b) (—2%

input Lint (x~2/ (at+b*cos (x) ~2) ,x,method=_RETURNVERBOSE)
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-1/3/(a*(a+b))~(1/2) / (-2x (a*(a+b) ) = (1/2) -2*%a-b) ¥b*x~3-I/(-2*(ax (a+b) ) ~(1/2
)-2%a-b) *x~2*1n (1-b*exp (2*I*x) / (-2* (a* (a+b)) ~(1/2)-2*a-b))-2/3/(ax(a+b)) ~(
1/2)/(-2*(ax(a+b)) ~(1/2)-2*a-b) *a*x~3-1/2*I/(ax(a+b)) ~(1/2) / (-2*(a*(a+b) )~
(1/2)-2*a-b)*a*polylog(3,bxexp(2*I*x) /(-2x(a*x(a+b)) ~(1/2)-2*a-b))-1/(ax(a+
b))~ (1/2) / (-2*(a*x(a+b)) ~(1/2) -2*a-b) *a*xx*polylog(2,b*exp (2*I*x) / (-2* (ax(at
b))~ (1/2)-2*%a-b))-1/2*I/(ax(a+b))~(1/2)/(-2*(ax (a+b)) ~(1/2) -2*a-b) ¥b*x~2x1
n(1-bxexp (2*I*x)/(-2x(ax(a+b)) ~(1/2)-2*a-b))-1/2/(ax(a+b)) ~(1/2) / (-2* (a*(a
+b)) ~(1/2)-2*a-b) *bxx*polylog(2,b*exp (2xI*x) / (-2* (ax (a+b)) ~(1/2)-2*a-b) ) -1
/2*I/(-2%(a*(a+b))~(1/2)-2*a-b)*polylog(3,bxexp (2*I*x)/(-2*(a*x(a+b))~(1/2)
-2xa-b))-1/2/(ax(a+b)) ~(1/2) *x*polylog(2,bxexp (2*I*x) /(2% (ax(a+b))~(1/2)-2
*a-b))-1/4*I/(a*(a+b))~(1/2)/(-2*(a*(a+b)) ~(1/2)-2*a-b) *b*polylog(3,b*exp(
2xIxx) / (-2* (a* (a+b) )~ (1/2)-2*a-b)) -1/ (-2x (a* (a+b)) ~(1/2) -2*a-b) *x*polylog(
2,b*exp (2*I*x)/(-2*(a*(a+b))~(1/2)-2%a-b))-1/2*I/(a*(a+b)) ~(1/2)*x~2*1n(1-
bxexp (2*%I*x) /(2% (ax(a+b))~(1/2)-2*a-b))-1/3/(ax(a+b)) ~(1/2) *x~3-1/4*I/ (a*(
at+b))~(1/2)*polylog(3,b*exp(2*I*x) /(2*(a*(atb)) ~(1/2)-2*a-b))-2/3/(-2* (a*(
a+b))~(1/2)-2*a-b)*x~3-I/(a*(a+b))~(1/2)/(-2*(ax(a+b) )~ (1/2)-2%a-b) *a*x~2*

1n(1-b*exp (2+I*x)/(-2* (a*(a+b))~(1/2)-2*a-b))

3.7.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 2400 vs. 2(228) = 456.

Time = 1.12 (sec) , antiderivative size = 2400, normalized size of antiderivative = 7.72

2
/ a—|—+082(x) dxz = Too large to display

-

input  integrate(x~2/(at+b*cos(x)~2),x, algorithm="fricas")

2
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-1/4*%(-I*b*x~2*sqrt((a~2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (2*I*a + Ix*
b)*sin(x) - 2*(b*cos(x) + I*b*sin(x))*sqrt((a”2 + axb)/b~2))*sqrt(-(2xb*sq
rt((a”2 + axb)/b"2) + 2*a + b)/b) - b)/b) + Ixbxx"2xsqrt((a”2 + axb)/b~2)*
log((((2*a + b)*cos(x) - (2xI*a + I*b)*sin(x) - 2*(b*cos(x) - Ixb*sin(x))=*
sqrt((a~2 + a*b)/b~2))*sqrt(-(2*b*sqrt((a~2 + a*b)/b~2) + 2*a + b)/b) + b)
/b) + Ixb*x~2xsqrt((a”2 + axb)/b~2)*log(-(((2%a + b)*cos(x) + (-2%I*a - Ix
b)*sin(x) - 2*(b*cos(x) - I*bx*sin(x))*sqrt((a™2 + axb)/b~2))*sqrt(-(2xb*sq
rt((a”2 + axb)/b”2) + 2*a + b)/b) - b)/b) - Ixb*x"2xsqrt((a”2 + axb)/b~2)*
log((((2*a + b)*cos(x) - (-2*Ixa - I*b)*sin(x) - 2*(bxcos(x) + I*b*sin(x))
*xsqrt ((a™2 + a*b)/b~2))*sqrt(-(2*bxsqrt((a~2 + a*b)/b~2) + 2%a + b)/b) + b
)/b) + Ixbxx~2*xsqrt((a”2 + ax*b)/b~2)*log(-(((2*a + b)*cos(x) + (2*I*a + Ix*
b)*sin(x) + 2*(b*cos(x) + I*b*sin(x))*sqrt((a”2 + axb)/b~2))x*sqrt ((2*bxsqr
t((a"2 + axb)/b~2) - 2*%a - b)/b) - b)/b) - I*b*xx"2*sqrt((a”2 + axb)/b~2)*1
og((((2*%a + b)*cos(x) - (2*I*a + Ixb)*sin(x) + 2*(b*cos(x) - I*b*sin(x))x*s
grt((a”2 + a*b)/b~2))*sqrt((2*bxsqrt((a”2 + a*b)/b~2) - 2*xa - b)/b) + b)/b
) - Ixbxx"2*sqrt((a”™2 + axb)/b~2)*1log(-(((2*a + b)*cos(x) + (-2%I*a - I*b)
*sin(x) + 2x(b*cos(x) - I*b*sin(x))*sqrt((a™2 + a*b)/b~2))*sqrt ((2*b*sqrt (
(2”2 + axb)/b~2) - 2%a - b)/b) - b)/b) + Ixbxx~2xsqrt((a~2 + a*b)/b~2)*log
((((2%a + D)*cos(x) - (-2*Ixa - Ixb)*sin(x) + 2*(bxcos(x) + I*bxsin(x))*sq
rt((a”2 + axb)/b~2))*sqrt ((2*b*sqrt((a”2 + axb)/b~2) - 2*a - b)/b) + b)...

-

3.7.6 Sympy [F]

z? z?
Y = T 4
/a+bcos2(x) v /a+bcos2(z) v

inputLintegrate(x**2/(a+b*cos(x)**2),X)

~—

output‘Integral(x**2/(a + bxcos(x)**2), x)

2

37 f #052(%) d.’E
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3.7.7 Maxima [F]

z? z?
/ a + bcos?(x) / beos ()’ +a

inputLintegrate(x‘2/(a+b*cos(x)‘2),x, algorithm="maxima")

outputLintegrate(x‘Q/(b*cos(x)‘2 +a), x)

3.7.8 Giac [F]

/a+bcos2(x /bcos +a &

inputLintegrate(x‘2/(a+b*cos(x)‘2),x, algorithm="giac")

outputLintegrate(x‘Q/(b*cos(x)‘2 +a), x)

3.7.9 Mupad [F(-1)]

Timed out.

z? z?
/ a + bcos?(z) / beos ()’ +a

input‘ int(x~2/(a + bxcos(x)~2),x)

outputtint(x‘Q/(a + bxcos(x)72), x)

2

3.7. f a—}-b:osQ(w) dzx
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3.8 f a—l—bcosz( ) dx

3.8.1 Optimalresult . ... ... ... . .. ... ... e 83|
3.8.2 Mathematica [A] (verified) . . . . . . . ... Lo k!
3.8.3 Rubi [A] (verified) . . . . ... .. ...
3.84 Maple [B] (verified) . . . ... ... ... ]88
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... ]9
3.8.6 Sympy [F] . . . . . 90
3.8.7 Maxima [F] . . . . . . OT]
3.88 Giac [F] . . . . . o OT]
3.8.9 Mupad [F(-1)] . . . . o o OT]

3.8.1 Optimal result

Integrand size = 14, antiderivative size = 415

T

/ a + bcos?(z) de =

3

+

+

+

iz3log (1 + L)

iz3log <1 + L)

2a+b—2+v/ava+b 2a+b+2v/av/a+b
2v/ava +b 2v/ava+b
3z? PolyLog ( = 5uTh bgi/"; m)
4/av/a+b
32 PolyL0g< ) 2a+bf§f}2 \/m)
4/a/a +b
3iz PolyLog (3, 5oTs b;f/z m)
4/a/a +b
3iz PolyLog (3, e ﬁ)
4/a/a+b
3PolyLog (4, —5 ) 3PolyLog (4, — 5t )
8vava+b - 8v/ava+b

3.8.

J

z3

a+b cos?(x)

dz
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output | -1/2*I*x"~3%1n(1+b*exp(2*I*x)/(2*a+b-2%a~(1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b)~
(1/2)+1/2*%I*x"3*1n(1+b*exp (2*I*x)/ (2*%a+b+2xa~ (1/2)*(a+b) ~(1/2)))/a~(1/2)/(
a+b) ~(1/2)-3/4*x"2*polylog(2,-b*exp(2*I*x)/(2*xa+b-2*a~ (1/2)*(a+b) ~(1/2)))/
a~(1/2)/(a+b) ~(1/2)+3/4*x"2*polylog(2,-b*exp (2*I*x)/(2*a+b+2*a~ (1/2) *(atb)
~(1/2)))/a~(1/2)/(a+b) ~(1/2)-3/4*I*x*polylog(3,-b*exp (2*I*x)/(2*a+b-2*a~ (1
/2)*(a+b)~(1/2)))/a~(1/2)/(a+b) ~(1/2) +3/4*I*x*polylog(3,-b*exp (2*xI*x) / (2*a
+b+2xa”~ (1/2)*(a+b)~(1/2)))/a~(1/2) / (a+b) ~(1/2)+3/8*polylog(4,-b*exp (2*I*x)
/ (2%a+b-2%a~ (1/2)*(a+b) ~(1/2)))/a~(1/2)/(at+b) ~(1/2)-3/8*polylog(4,-b*exp(2
*I*x) / (2%a+b+2%a~ (1/2)*(a+b)~(1/2)))/a~(1/2)/(a+b)~(1/2)

N\ J

3.8.2 Mathematica [A] (verified)

Time = 4.40 (sec) , antiderivative size = 292, normalized size of antiderivative = 0.70

3 p
/ a + bcos?(x) v

. 3 b 2ix . 3 b 2ix 2 b 2ix 9 -
_ —4ix° log (1 + WM) + 4ix° log (1 + WM) — 62° PolyLog (2, —W) + 6z
inputtlntegrate[x‘S/(a + b*Cos [x]~2) ,x] J

output | ((-4*I)*x~3%Logl[1l + (b*E~((2*I)*x))/(2%a + b - 2xSqrt[a*(a + b)])] + (4xI)
*xx"3*%Log[1 + (b*E~((2*I)*x))/(2*%a + b + 2*Sqrt[a*x(a + b)])] - 6*x~2xPolyLo
gl2, -((b*E~((2*I)*x))/(2*%a + b - 2*Sqrt[ax(a + b)]))] + 6%x~2xPolyLogl2,
-((b*E~((2%I)*x))/(2%a + b + 2+Sqrt[ax(a + b)]1))] - (6*I)*x*PolyLogl[3, -((
b*E~((2%I)*x))/(2%a + b - 2#Sqrt[a*x(a + b)]))] + (6%I)*x*PolyLog[3, -((b*E
“((2xI)*x))/(2*xa + b + 2xSqrt[ax(a + b)]))] + 3xPolyLogl[4, -((b*E~((2*I)*x
))/(2%a + b - 2*Sqrt[ax(a + b)]))] - 3*PolyLogl[4, -((b*E~((2*I)*x))/(2*a +
b + 2*Sqrt[ax(a + b)]))]1)/(8*Sqrt[a*x(a + b)])

3

3.8. f #052(1;) d.’E
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3.8.3 Rubi [A] (verified)

Time = 1.30 (sec) , antiderivative size = 397, normalized size of antiderivative = 0.96,

number of steps used = 11, number of rules used = 10, Bumber of rules _ (774 Ryjes
integrand size

used = {5097, 3042, 3802, 2694, 27, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

z3 p
/ a + bcos?(x) v
| 5097

23
2
/ 2a + b+ bcos(2z) de
| 3042

3
2/ x. dx
2a + b+ bsin (2$+ %)
l 3802

e2iww3
4 / - —dx
e*b + b+ 2(2a + b)e?®
l 2694

3

2ix 2ix .3
4 (b f 2(2a—2\/aibfﬁ+b62”+b) dz _ b f 2(2a+2\/aibja+b62”+b) dx)

2y/ava+b 2Vava+b

l 27
$3

e2iz eQimxB
4 (b f 2a—2\/a+b\/5+bezm+bdx _ b f 2a+2v/a+b\/a+be?i=+b d:v)

4\/ar/a+b 4v/ava+b
l 2620
b<3ifx2bg(mhaigﬁbz+v{9dx__inbg(L*—aa3§3;me)> b<3ifx2bg(muaégﬂkq+v*0dx__ixsbg(L+z¢mZ§
2b 2b 2b 2b
4 —
4\/ar/a+b 4v/ava+b
| 3011

3.8. f #0352(%) d.’E
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he2iT be2iT

be2iT

iz3 log (1

2b

; <3i (%iﬁ PolyLog (2,—m) —i [z PolyLog (2,—m)dx) B

+ —Qﬁ\/a+b+2a+b) >
2b

4\/ar/a+b
l 7163
, (31'(;2@2 PolyLog (2~ 5,5 2= ) —i( 41  PolyLog(3,~ 5,52 ) do— Liz PolyLog (3, 5.0 ))) B
%
4
4\/ar/a+b
l 2720
b ( 3i (%212 PolyLog (2,— #ﬁ;ﬁm:) —1 (i J e~ 2% PolyLog (3,— #M) de?i® — %zw PolyLog (3,— #ﬁ)m)
%
4
4+/ar/a+b
l 7143
. . 21 . 2i . 2
b (3’(5”2 PolyLog (2~ 55 vrivars )~ (1 PolvLoe (4~ zgvirivams )~ 4o Polvloe (3 mavierivams)))
%
4

4v/ar/a+b

s

input LInt [x~3/(a + b*Cos[x]"2),x]

N

output

b1))1/4)))/b))/(4xSqrt[al*Sqrt[a + bl))

4x ((b*(((-1/2%I)*x"3*Log[1 + (b*E~((2*I)*x))/(2%a + b - 2*Sqrt[al*Sqrt[a +
b]1)1)/b + (((3%I)/2)*((I/2)*x"2*PolyLog[2, -((b*E~((2*I)*x))/(2*%a + b - 2
*Sqrt [al*Sqrt[a + b]))] - I*x((-1/2%I)*x*PolyLogl[3, -((b*E~((2*I)*x))/(2*a
+ b - 2xSqrt[al*Sqrt[a + bl))] + PolyLogl[4, -((b*E~((2*I)*x))/(2%¥a + b - 2
*Sqrt [a]l*Sqrt[a + b]))1/4)))/b))/(4xSqrt[al*Sqrtla + b]l) - (b*(((-1/2*I)*x
~3*Log[1 + (b*E~((2*I)*x))/(2*a + b + 2xSqrt[al*Sqrt[a + b])]1)/b + (((3*I)
/2)*((I/2)*x~2*PolyLog[2, -((b*E~((2*I)*x))/(2*%a + b + 2*Sqrt[al*Sqrt[a +
bl1))] - I*((-1/2*I)#*x*PolyLogl[3, -((b*E~((2*I)*x))/(2*%a + b + 2*Sqrt[al*Sq
rt[a + b]))] + PolyLogl[4, -((b*E~((2*I)*x))/(2*a + b + 2*Sqrt[a]*Sqrt[a +

3.8. dz

J e
a+b cos?(x)



rule 27

rule 2620

rule 2694

rule 2720

rule 3011

rule 3042

rule 3802
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3.8.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_L)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((FO)~(ul)*((£_.) + (g_)*(x))"(m_.))/((a_.) + (b_)*(F_)~(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4*a*c, 2]}, Simp[2*(c/q) Int
[(f + gxx)"m*(F~u/(b - q + 2%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*x(F~u/(b + q + 2*c*F~u)), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[
v, 2*%u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_)*((a_.) + (b_)*)IN"(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*xLog[F])) Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(I*(e +
fxx))/(b + 2%a*E~ (I*Pi*(k - 1/2))*E~(I*(e + f*x)) - b*E~(2*I*k*Pi)*E~ (2%I*(
e + £*x)))), x], x] /; FreeQl[{a, b, c, d, e, f}, x] && IntegerQ[2+k] && NeQ
[a”2 - b~2, 0] && IGtQ[m, O]

3

3.8. f #052(1;) d.’E
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rule 5097 Int[(Cos[(c_.) + (d_.)*(x_)]1"2*(b_.) + (a_))~(n_)*(x_)"(m_.), x_Symbol] :>
Simp[1/2°n  Int[x"m*(2*a + b + b*Cos[2*c + 2*d*x])~n, x], x] /; FreeQ[{a,
b, c, d}, x] & NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, 0] & (EqQ[n, -1] ||
(EqQ[m, 1] && EqQ[n, -21))

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}, X] && EqQ[b*d, a*e]

rule 7163 Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_)))) " (p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Simp[f*(m/(bxc*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, O]

3.8.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 914 vs. 2(315) = 630.

Time = 0.48 (sec) , antiderivative size = 915, normalized size of antiderivative = 2.20

method | result size

risch Expression too large to display | 915

input ‘ int (x~3/ (a+b*cos(x)~2) ,x,method=_RETURNVERBOSE)

38. f Al [

a+b cos?(x)



output
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/-3/2*1/(a*(a+b))”(1/2)/(-2*(a*(a+b))“(1/2)—2*a—b)*polylog(3,b*exp(2*I*x)/(

-2x(ax(a+b)) " (1/2)-2*a-b)) *a*x-3/4*I/(ax(a+b))~(1/2)/(-2*(a*(a+b))~(1/2)-2
*a-b) *polylog(3,b*exp (2*I*x)/(-2*(a*(a+b))~(1/2)-2*a-b) ) *b*x-3/2*I/ (-2 (a*
(a+b) )~ (1/2)-2*a-b)*polylog(3,bxexp(2*I*x)/(-2*(a*x(atb))~(1/2)-2%a-b))*x-1
/2/(-2%(ax(a+b)) ~(1/2)-2*a-b) *x~4-1/2/(a*(a+b) )~ (1/2) / (-2x(a*x(a+b) ) " (1/2) -
2xa-b) *a*x~4-1/4/(ax(a+b))~(1/2) / (-2*(ax (a+b)) ~(1/2) -2*a-b) ¥b*x~4-3/4*1/(a
*(a+b) )~ (1/2) *x*polylog(3,b*exp(2*I*x) /(2% (ax(a+b))~(1/2)-2*a-b))-1/2*I/(a
*(a+b) )~ (1/2)/ (-2* (ax(a+b) ) " (1/2) -2*a-b) *1n (1-b*exp (2*I*x) / (-2* (a* (a+b) ) ~(
1/2)-2*a-b) ) ¥b*x~3-1I/(a*(a+b)) ~(1/2)/ (-2x(a*(a+b) )~ (1/2) -2*a-b) *1n (1-b*exp
(2%I*x)/(-2*(a*x(atb))~(1/2)-2*a-b) ) *a*xx~3-3/2/(-2* (ax(a+b) )~ (1/2)-2*a-b) *p
olylog(2,bxexp(2*I*x)/(-2*(a*x(a+b))~(1/2)-2%a-b))*x"2-3/2/(a*x(a+b))~(1/2)/
(-2* (ax(a+b) )~ (1/2)-2*a-b) *polylog(2,b*exp (2*I*x) / (-2* (a* (a+b)) ~(1/2) -2xa-
b)) *a*x~2-3/4/(a*(a+b) )~ (1/2)/ (-2x(a*x(a+b)) ~(1/2)-2*a-b) *polylog(2,b*exp(2
*I*x) / (-2% (a* (a+b) )~ (1/2)-2%a-b) ) ¥b*x~2+3/4/ (-2* (a* (a+b)) ~(1/2) -2*a-b) *pol
ylog(4,b*exp (2*I*x)/(-2x(a*(a+b))~(1/2)-2xa-b))+3/4/(a*(a+b))~(1/2)/(-2*(a
*(a+b))~(1/2)-2*xa-b) *polylog(4,b*exp (2*I*x) /(-2 (ax(a+b))~(1/2)-2*a-b) ) *a+
3/8/ (ax(a+b))~(1/2)/(-2x(ax(a+b) )~ (1/2)-2*a-b) *polylog(4,b*exp (2*I*x) / (-2*
(a*(a+b))~(1/2)-2*a-b) ) *b-I/(-2*(a*(a+b)) ~(1/2)-2%a-b) *1n (1-b*exp (2*I*x) / (
-2x(ax(a+b))~(1/2)-2*a-b) ) *x~3-1/4/(ax(a+b)) ~(1/2) *x~4-3/4/(a*x(at+b) ) ~(1/2)
*x~2*polylog(2,bkexp (2*%I*x) /(2% (ax(at+b))~(1/2)-2%a-b))-1/2%I/(ax(at+b))"...

3.8.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 3188 vs. 2(307) = 614.

Time = 1.24 (sec) , antiderivative size = 3188, normalized size of antiderivative = 7.68

3
/ a++os2(x) dz = Too large to display

input | integrate (x~3/(atb*cos(x)~2),x, algorithm="fricas")

3

3.8. f #052(%) d.’E




output
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-1/4*%(-I*b*x~3*sqrt((a~2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (2*Ixa + Ix*
b)*sin(x) - 2*(b*cos(x) + I*b*sin(x))*sqrt((a”2 + axb)/b~2))*sqrt(-(2xb*sq
rt((a”2 + axb)/b"2) + 2*a + b)/b) - b)/b) + Ixbxx"3*sqrt((a”2 + axb)/b~2)*
log((((2*a + b)*cos(x) - (2xI*a + I*b)*sin(x) - 2*(b*cos(x) - Ixb*sin(x))=*
sqrt((a~2 + a*b)/b~2))*sqrt(-(2*b*sqrt((a~2 + a*b)/b~2) + 2*a + b)/b) + b)
/b) + Ixb*x~3xsqrt((a”2 + axb)/b~2)*log(-(((2%a + b)*cos(x) + (-2%I*a - Ix
b)*sin(x) - 2*(b*cos(x) - I*bx*sin(x))*sqrt((a™2 + axb)/b~2))*sqrt(-(2xb*sq
rt((a”2 + a*b)/b~2) + 2%a + b)/b) - b)/b) - I*b*x"3*sqrt((a”2 + a*b)/b~2)*
log((((2*a + b)*cos(x) - (-2*Ixa - I*b)*sin(x) - 2*(bxcos(x) + I*b*sin(x))
*xsqrt ((a™2 + a*b)/b~2))*sqrt(-(2*bxsqrt((a~2 + a*b)/b~2) + 2%a + b)/b) + b
)/b) + I*bxx~3*sqrt((a”2 + ax*b)/b~2)*log(-(((2*a + b)*cos(x) + (2*I*a + Ix*
b)*sin(x) + 2*(b*cos(x) + I*b*sin(x))*sqrt((a”2 + axb)/b~2))x*sqrt ((2*bxsqr
t((a"2 + axb)/b~2) - 2*%a - b)/b) - b)/b) - I*b*xx"3*sqrt((a”2 + axb)/b~2)*1
og((((2*%a + b)*cos(x) - (2*I*a + Ixb)*sin(x) + 2*(b*cos(x) - I*b*sin(x))x*s
grt((a”2 + a*b)/b~2))*sqrt((2*bxsqrt((a”2 + a*b)/b~2) - 2*xa - b)/b) + b)/b
) - Ixbxx"3*sqrt((a”2 + a*b)/b~2)*log(-(((2*a + b)*cos(x) + (-2*I*a - Ixb)
*sin(x) + 2x(b*cos(x) - I*b*sin(x))*sqrt((a™2 + a*b)/b~2))*sqrt ((2*b*sqrt (
(a™2 + a*b)/b™2) - 2%a - b)/b) - b)/b) + Ikb*x~3*sqrt((a~2 + a*b)/b~2)*log
((((2%a + D)*cos(x) - (-2*Ixa - Ixb)*sin(x) + 2*(bxcos(x) + I*bxsin(x))*sq
rt((a”2 + axb)/b~2))*sqrt ((2*b*sqrt((a”2 + axb)/b~2) - 2*a - b)/b) + b)...

-

3.8.6 Sympy [F]

z3 z3
A SO R A
/a+bcos2(x) v /a+bcos2(z) v

inputLintegrate(x**S/(a+b*cos(X)**2),X)

~—

output‘Integral(x**S/(a + bxcos(x)**2), x)

3

3.8. f #052(%) d.’E
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3.8.7 Maxima [F]

3 z?
/ a + bcos?(x) / beos ()’ +a

inputLintegrate(x‘3/(a+b*cos(x)‘2),x, algorithm="maxima")

outputLintegrate(x‘S/(b*cos(x)‘2 +a), x)

3.8.8 Giac [F]

/a+bcos2(x /bcos +a &

inputLintegrate(x‘3/(a+b*cos(x)‘2),x, algorithm="giac")

outputLintegrate(x‘S/(b*cos(x)‘2 +a), x)

3.8.9 Mupad [F(-1)]

Timed out.

z3 z?
/ a + bcos?(z) / beos ()’ +a

input‘ int(x~3/(a + b*cos(x)"2),x)

outputtint(x‘s/(a + bxcos(x)72), x)

3

3.8. f a—}-b:osQ(w) dzx



output
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3.9 f( z - dx

a+bcos?(c+dz))
3.9.1 Optimalresult . .. ... ... ... .. ... 92]
3.9.2 Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... .. 93]
3.9.3 Rubi [A] (verified) . . . . . . ... 94
3.9.4 Maple [B] (verified) . ... ... . .. ... 98
3.9.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 99
3.9.6 Sympy [F(-1)] . . . . 100
3.9.7 Maxima [F(-1)] . . . . . . 10T
3.9.8 Giac [F] . . . . . 107
3.99 Mupad [F(-1)] . . . o o 1071

3.9.1 Optimal result

Integrand size = 16, antiderivative size = 327

dz = —
a + beos?(c + dx))® 4a?/2(a + b)3/2d

i(2a + b)z log (1 + #ﬁm)

4a?/2(a + b)3/2d
_ log(2a + b + bcos(2c + 2dz))
4a(a + b)d?

(2a + b) PolyLog (2, M)

. e2i(ctdz)
/ T i(2a + b)x log (1 + —2a+l’b_2\/a\/m>
(

+

" 2a+b—2v/av/a+b
8a3/%(a + b)3 122

pe2i(ctdz)
(2a + b) PolyLog (2, — g m)

8a%/2(a + b)3/2d?
B bx sin(2¢ + 2dx)
2a(a +b)d(2a + b+ bcos(2¢ + 2dx))

+

-1/4%1n(2*a+b+b*cos (2*d*x+2*c) ) /a/ (a+b) /d"2-1/4*I*(2*a+b) *x*1n (1+b*exp (2*I
*(d*x+c))/ (2%a+b-2*a”~ (1/2) *(a+b) ~(1/2))) /a~(3/2) / (a+b) = (3/2) /d+1/4*I* (2*a+
b) *x*1n (1+b*exp (2*I* (d*x+c) )/ (2*a+b+2*a~(1/2) *(a+b)~(1/2)))/a~(3/2)/(a+b) ™
(3/2)/d-1/8%(2*a+b) *polylog(2,-b*exp (2*I*(d*x+c))/(2*a+b-2*a~ (1/2)* (a+b) " (
1/2)))/a~(3/2)/(a+b)~(3/2)/d~2+1/8%(2*a+b) *polylog(2,-bxexp (2*I* (d*x+c)) /(
2%a+b+2*a” (1/2)*(a+b) ~(1/2)))/a~(3/2) /(a+b) = (3/2) /d"2-1/2%b*x*sin (2*d*x+2*
c)/a/(a+b) /d/ (2xa+b+b*cos (2*d*x+2*c) )

3.9. dz

f (a+bcos?(c+dz))?




input

output
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3.9.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 825 vs. 2(327) = 654.

Time = 15.03 (sec) , antiderivative size = 825, normalized size of antiderivative = 2.52
z _ besin(2(c+ dx)) — b(c + dz) sin(2(c + dx))

(a+ bcos?(c+ d:c))2 T = 2a(a + b)d(2a + b + beos(2(c + da)))
4(2a+b)carctan(M

cos?(c + dz) (— N A + 2log (sec?(c + dzx)) — 2log (a + b + atan?(c + dx)) —

i(2a+b

_|_

-

LIntegrate [x/(a + bxCos[c + d*x]~2)~2,x]

~—

(b*c*Sin[2x(c + d*x)] - b*(c + d*x)*Sin[2*(c + d*x)])/(2*a*x(a + b)*d~2x (2%
a + b + bxCos[2*(c + d*x)])) + (Cos[c + d*x] 2x((-4*(2*a + b)*cxArcTan[(Sq
rt[al*Tan[c + d*x])/Sqrt[a + bl])/(Sqrt[al*Sqrt[a + b]) + 2xLogl[Seclc + dx*
x]72] - 2xLogla + b + a*Tan[c + d*x]~2] - (I*(2*a + b)*(Log[l - I*Tan[c +
d*x]]*Log[(Sqrt[-a - b] + Sqrtl[al*Tan[c + d*x])/((-I)*Sqrt[a] + Sqrt[-a -
bl)] + PolyLogl[2, (Sqrtl[al*(1 - I*Tan[c + d*x]))/(Sqrt[a] + IxSqrt[-a - bl
)1))/(Sqrt[al*Sqrt[-a - b]) + (I*(2*a + b)*(Logl[l + I*Tan[c + d*x]]*Log[(S
grt[-a - bl + Sqrt[al*Tan[c + d*x])/(I*Sqrt[a] + Sqrt[-a - b])] + PolyLogl
2, (Sqrt[al*(1 + I*Tan[c + d*x]))/(Sqrtl[al - I*Sqrt[-a - bl)]1))/(Sqrt[al*S
grt[-a - b]) - (I*(2*a + b)*(Logl[l + I*Tan[c + d*x]]*Log[(Sqrt[-a - b] - S
grt[al*Tan[c + d*x])/((-I)*Sqrt[a]l + Sqrt[-a - bl)] + PolyLogl[2, (Sqrtl[alx*
(1 + I*Tan[c + d*x]))/(Sqrt[a]l + I*Sqrt[-a - bl)]))/(Sqrt[al*Sqrt[-a - bl)
+ (Ix(2*a + b)*(Log[l - I*Tan[c + d*x]]*Logl[(Sqrt[-a - b] - Sqrt[al*Tanl[c
+ d*x])/(I*Sqrtla] + Sqrt[-a - bl)] + PolyLog[2, (Sqrtl[al*(I + Tan[c + dx
x]))/(I*Sqrt[al + Sqrt[-a - b])]))/(Sqrt[al*Sqrt[-a - b]))*(2x(2*a + b)*d*
x + b*Sin[2*(c + d*x)])*(-Sqrt[-a - b] + Sqrtlal*Tan[c + d*x])*(Sqrt[-a -
b] + Sqrtl[al*Tan[c + d*x]))/(4*ax(a + b)*d"2*(2*xa + b + b*Cos[2*(c + d*x)]
)*¥(-((2%a + b)*(2*c - I*Log[l - IxTan[c + d*x]] + IxLogl[l + IxTan[c + d*x]
1)) + b*Sin[2x(c + d*x)]))

3.9. dz

f (a+bcos?(c+dz))?
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3.9.3 Rubi [A] (verified)

Time = 1.17 (sec) , antiderivative size = 327, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 13, Bumber of rules _ ( g79 Ryjes
integrand size

used = {5097, 3042, 3805, 25, 3042, 3147, 16, 3802, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

x
/ 5 dz
(a + bcos?(c + dzx))
| 5097

4/ 2 dz
(2a + b+ bcos(2¢ + 2dz))?

| 3042
4 / d 5dT
(2a+ b+ bsin (2c + 2dz + T))
| 3805
z in(2c42d )
4 (20’ + b) f 2a+b+b cos(2¢c+2dx) dzx . b f - 2a+zill§ cf)s(2cg-6|-)2d$) do _ b Sln(zc + 2d$)
4a(a +b) 8ad(a +b) 8ad(a + b)(2a + bcos(2¢c + 2dx) + b)
| 25
T in(2c+2d;
4 (20’ + b) f 2a+b+b cos(2¢c+2dx) dzx + b f 2a+2+l§ cf)s(an-;-)2dm) dzx . bz SiIl(2C + 2d$)
4a(a +b) 8ad(a +b) 8ad(a + b)(2a + bcos(2¢c + 2dzx) + b)
| 3042
cos(2c+2dz— )
A 2a+b) [ 2575 sin(x2c+2dm+g) de b [ 5y, sin(2c+2ds—7) O B bz sin(2c + 2dz)
4a(a +b) 8ad(a + b) 8ad(a + b)(2a + bcos(2¢c + 2dz) + b)
| 3147
4l — f 2a+b+b cols(2c+2d:c) d(b COS(2C + Zd:l")) n (2(1 + b) f 2a+b+b sin($20+2dz+%) dzx _ bx Sil’l(?C + 2d.’17)
16ad?(a + b) 4a(a +b) 8ad(a + b)(2a + bcos(2¢ + 2dz;

| 16

3.9. dz

f (a+bcos?(c+dz))?
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4 (20 +0) 2a+b+bsin(x2c+2dm+g) dz _ log(2a + bceos(2¢ + 2dz) +b) bx sin(2¢ + 2dx)
4a(a +b) 16ad?(a + b) 8ad(a + b)(2a + bcos(2¢c + 2dz) + b)
| 3802
e2i(ctdz) 5
(2a+0b) [ Ai(ctd2) b1 bt 2(2a +b)e2i(cTda) dz 3 log(2a + bcos(2¢ + 2dz) + b) B bx sin(2¢ + 2dx)
2a(a +b) 16ad?(a + b) 8ad(a + b)(2a + bcos(2¢ + 2dx) +
| 2694
e2i(c+dz) e2i(ctdz)
(a4 bf 2(2a—2/aTbyatbe?i ) 13) dr  bf 2(3a+2v/atby/atbci(eFd) 13) dx
2v/av/a+b - 2v/av/a+b
4 ve ve _ log(2a +bcos(2c +2dz) +b)
2a(a + b) 16ad?(a +b) ¢
l 27
e2i(ctdz) e2i(c+dz)
(2a + b) b/ 2a—2\/m\/a+be2i(6+df)+bdx . bJ 2a+2\/m\/&+bezi(c+d9ﬂ)+bd$
4 4avath 4avath _ log(2a +bcos(2c + 2dx) +b)
2a(a +b) 16ad?(a + b) 8ad(a
| 2620
. ¢2i(c+dx) . ¢24(c+dx) . ¢2i(c+dx) . ¢2(c+dx)
b(’f‘%(aa—z«rm*l)“_m%(”—wb;«f%)) b(’f1°g(za+§¢fm+l)dm_‘“°g(“sz£+zm
2bd 2bd 2bd 2bd
(2(1 + b) 4Javath - 4+/a+/a+b
4
2a(a +b)
| 2115
3.9. dx

f (a+bcos?(c+dz))?
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—2i(ctd 2i(ct+dz)y, 2i(ctd . pe2i(ct+dz) —2i(c+d: 2i(ct+dz)y,
, Te i(c+dzx) 10g(m+1>de i(ct+dx) _m10g(1+7_2\/§m+2a+b) ) fe i(c+dx) 1og<72ai2\/mﬁ+b+l>a
4bd? 2bd 4bd?

(2a + b) 4\/&\/7_1_1) - 4\/5\

4
2a(a +b)
l 2838
pe2i(ct+dz) . pe2i(ctdz) pe2t(ctdx) . pe2i(ctd
o P mtivarivens) s ivarinaens) |, (_Pes (o mtiverivens) s ehan
4bd?2 4bd? 2bd
(2a+9) 4/av/a+h - iVavath

4

2a(a + b)

input‘Int[x/(a + b*Cos[c + d*x]~2)"2,x]

output

4x(-1/16%Log[2*a + b + b*Cos[2xc + 2*d*x]]/(ax(a + b)*d"2) + ((2xa + b)*((
b*(((-1/2*I)*x*Log[1 + (b*E~((2*#I)*(c + d*x)))/(2*%a + b - 2*Sqrt[a]*Sqrt[a
+ b])]1)/(b*d) - PolyLogl[2, -((b*E~((2*I)*(c + d*x)))/(2%a + b - 2*Sqrt[al
*Sqgrt[a + bl))]1/(4%¥b*d"2)))/(4*Sqrt[al*Sqrt[a + b]) - (b*(((-1/2*I)*x*Logl
1 + (b*E~((2*I)*(c + d*x)))/(2*a + b + 2*Sqrt[al*Sqrt[a + b])]1)/(b*d) - Po
lyLog[2, -((b*E~((2*I)*(c + d*x)))/(2*a + b + 2xSqrt[al*Sqrt[a + bl))]/(4x*
bxd~2)))/(4xSqrt[al*Sqrt[a + b])))/(2*a*x(a + b)) - (bxx*Sin[2%c + 2*d*x])/
(8*%ax(a + b)*d*(2*a + b + bxCos[2*c + 2%d*x])))

3.9. dz

f (a+bcos?(c+dz))?
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3.9.3.1 Defintions of rubi rules used

ruk316‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘b*x, x11/b), x] /; FreeQl{a, b, c}, x]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2694 Int [((F_)~(u_)*((£_.) + (g_.)*(x_)) " (@m_.))/((a_.) + (b_)*(F_)"(u) + (c_.)
*(F_)"(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Simp[2x(c/q) 1Int
[(f + g*x)"m*(F"u/(b - q + 2*c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2*cxF~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

rule 2715 | Int [Log[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.9. dz

f (a+bcos?(c+dz))?
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rule 3147 Int[cos[(e_.) + (£_.)*(x_)1"(p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m

_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)

/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a~2 - b~2, 0]

rule 3802 | Int[((c_.) + (A_.)*(x))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pi*x(k_.) + (£f_.)*(

x_)1), x_Symbol] :> Simp[2 Int[(c + d*x) m*E~(I*Pi*(k - 1/2))*(E~(I*(e +

£f*x))/(b + 2*a*E~(I*Pi*x(k - 1/2))*E~(I*(e + f*x)) — b*E~(2*I*k*Pi)*E~ (2*I*(
e + £*x)))), x], x] /; FreeQl[{a, b, c, d, e, £}, x] && IntegerQ[2*k] && NeQ
[a”2 - b2, 0] && IGtQ[m, O]

rule 3805 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*x]/(f*x(a”2 - b~2)*(a + b*Sin[e + f
*x]))), x] + (Simp[a/(a”2 - b™2) Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x]
, x] - Simp[b*d*(m/(f*(a”2 - b™2))) Int[(c + d*x)~(m - 1)*(Cos[e + fxx]/(
a + bxSinf[e + f*x])), x], x]) /; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[a~2 -
b~2, 0] && IGtQ[m, O]

rule 5097 Tnt[(Cos[(c_.) + (d_.)*(x_)1~2%(b_.) + (a_))~(a_)*(x_)~(m_.), x_Symboll :>

Simp[1/2°n  Int[x"m*(2*a + b + b*Cos[2*c + 2xd*x])~n, x], x] /; FreeQl{a,

b, c, d}, x] && NeQ[a + b, 0] && IGtQ[m, 0] && ILtQ[n, 0] && (EqQ[n, -11 1|
(EqQ[m, 1] && EqQ[n, -21))

3.9.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2269 vs. 2(273) = 546.

Time = 1.41 (sec) , antiderivative size = 2270, normalized size of antiderivative = 6.94

method | result size
risch Expression too large to display | 2270

inputLint(x/(a+cos(d*x+c)‘2*b)‘2,x,method=_RETURNVERBOSE)

3.9. dz

f (a+bcos?(c+dz))?

~—



output

CHAPTER 3. LISTING OF INTEGRALS

99

-1/4/d72/ (a+b) /ax1n(b*exp (4*I* (d*x+c))+4*exp (2xI* (d*x+c) ) *a+2*bxexp (2*I*(d
*x+c))+b)-1/4%1/d"2/ (a+b) /a*b~2/ (a*(a+b)) ~(1/2) / (-2*(ax (a+b)) ~(1/2) -2*a-b)
*1n (1-b*exp (2*%I*(d*x+c) )/ (-2* (a*(a+b) )~ (1/2)-2*a-b) ) *c-1/4%I/d/ (a+b) /axb~2
/(ax(a+b))~(1/2)/ (-2x(ax(a+b) )~ (1/2)-2*a-b) *1n(1-bxexp (2*I* (d*x+c) )/ (-2*(a
*(a+b))~(1/2)-2*a-b) ) *x-1/2/d/(a+b) /a*b~2/ (ax(a+b)) ~(1/2) / (-2*(ax (a+b) )~ (1
/2)-2%a-b) *cxx-I*x* (2%exp (2xI* (d*x+c) ) *a+bxexp (2*I* (d*x+c))+b) /a/(a+b) /d/(
b*exp (4*I* (d*x+c) ) +4*exp (2*xI* (d*x+c) ) *a+2*¥bxexp (2*I* (d*x+c))+b)-1/2/d"2/ (a
+b)/(ax(a+b))~(1/2)*c~2-1/4/d72/ (a+b) /axb~2/(a*(a+b) ) ~(1/2) / (-2* (a*(a+b) )~
(1/2)-2%a-b)*c~2-1/8/d"2/ (a+b) /a*b~2/ (ax (a+b) ) ~(1/2) / (-2*(ax (a+b) ) ~(1/2)-2
*a-b) *polylog(2,bxexp (2xI*(d*x+c))/(-2*(a*(a+b))~(1/2)-2*a-b))-2/d/ (at+b) *a
/(a*x(a+b))~(1/2)/(-2*(a*(a+b)) ~(1/2) -2*a-b) xc*x-2/d/ (a+b) / (a*(a+b) ) " (1/2)/
(-2x(a*x(a+b) )~ (1/2)-2%a-b) *c*x*b-1/(at+b) / (-2* (a* (a+b) )~ (1/2) -2*a-b) *x~2-1/
d/ (a+b) /axb/ (-2* (a*(a+b) )~ (1/2) -2*a-b) *c*x+1/d~2/ (a+b) /a*1n(exp (I* (d*x+c))
)-1/(a+b)/(ax(a+b))~(1/2) / (-2*(ax(a+b) ) ~(1/2) -2*a-b) *x~2xb-1/2/(a+b) /axb/(
-2%(ax(a+b))~(1/2)-2*a-b) *x"2-1/(a+b) *a/ (a*(a+b)) ~(1/2) / (-2*(ax (a+b) ) ~(1/2
)—2xa-b)*x~2-2/d/ (a+b) / (-2* (a* (a+b)) " (1/2) -2*a-b) *c*x-1/2*%I1/d"2/ (a+b) /a*b*
c/(a~2+axb) ~(1/2)*arctanh (1/4* (2*¥b*exp (2*I* (d*x+c))+4*a+2*b)/(a~2+axb) ~(1/
2))-I/d"2/(at+b)*a/(ax(a+b))~(1/2)/(-2*(ax(a+b)) ~(1/2)-2%a-b) *1n (1-b*exp (2%
Ix(d*x+c))/(-2*%(a*x(a+b))~(1/2)-2%a-b))*c-1/2/(a+b) /(ax(a+b)) ~(1/2)*x~2-1/4

/d~2/(at+b) /(a*x(a+b) )~ (1/2) *polylog(2,b*exp (2*xI* (d*x+c)) /(2% (ax(at+b))~(1...

3.9.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 3759 vs. 2(277) = 554.

Time = 1.93 (sec) , antiderivative size = 3759, normalized size of antiderivative = 11.50

T
dz = Too large to displa
/ (a + beos?(c + dx))® 8 Py

-

inputLintegrate(x/(a+b*cos(d*x+c)‘2)‘2,x, algorithm="fricas")

3.9. dz

f (a+bcos?(c+dz))?
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-1/8%(4*(a"2%b + a*b~2)*d*x*cos(d*x + c)*sin(d*x + c) - (2%xa”™2%b + axb”2 +
(2%a*b~2 + b~3)*cos(d*x + c)"2)*sqrt((a”2 + a*b)/b"2)*dilog((((2*a + b)*c
os(d*x + c) + (2%I%a + I*b)*sin(d*x + c) - 2*(b*cos(d*x + c) + I*b*sin(d*x
+ c))*sqrt((a”2 + a*b)/b~2))*sqrt(-(2*%b*sqrt((a”2 + axb)/b~2) + 2*a + b)/
b) - b)/b + 1) - (2%a”2*%b + a*b”™2 + (2%a*xb”2 + b~3)*cos(d*x + c)~2)*sqrt((
a2 + axb)/b~2)*dilog(-(((2*a + b)*cos(d*x + c) - (2xI*a + I*b)*sin(d*x +
c) - 2*(b*cos(d*x + c) - I*b*sin(d*x + c))*sqrt((a”2 + a*b)/b~2))*sqrt(-(2
*b*sqrt((a”2 + a*b)/b~2) + 2%a + b)/b) + b)/b + 1) - (2*%a"2*b + a*b~2 + (2
*a*b~2 + b~3)*cos(d*x + c)"2)*sqrt((a”2 + axb)/b~2)*dilog((((2*a + b)*cos(
d*x + c) + (-2xI*a - I*b)*sin(d*x + c) - 2x(b*cos(d*x + c) - Ixb*sin(d*x +
c))*sqrt((a”2 + a*b)/b"2))*sqrt(-(2*b*sqrt((a”2 + a*b)/b"2) + 2*a + b)/b)
- b)/b + 1) - (2%¥a”2%b + a*xb”2 + (2*axb~2 + b~3)*cos(d*x + c)~2)*sqrt((a”
2 + axb) /b~2)*dilog(-(((2*%a + b)*cos(d*x + c) - (-2*I*a - Ixb)*sin(d*x + c
) - 2%(b*cos(d*x + c) + Ixb*sin(d*x + c))*sqrt((a™2 + a*b)/b~2))*sqrt(-(2x*
b*sqrt((a”2 + a*b)/b~2) + 2%a + b)/b) + b)/b + 1) + (2%a"™2xb + a*b”™2 + (2%
a*b~2 + b~3)*cos(d*x + c)”2)*sqrt((a”2 + axb)/b~2)*dilog((((2*a + b)*cos(d
*x + c) + (2%I*a + Ixb)*sin(d*x + c) + 2x(b*cos(d*x + c) + Ixbxsin(d*x + c
))*sqrt((a~2 + a*b)/b~2))*sqrt((2*b*sqrt((a~2 + a*b)/b~2) - 2*a - b)/b) -
b)/b + 1) + (2¥a”2%b + a*b~2 + (2*a*b”2 + b~3)*cos(d*x + c) 2)*sqrt((a”2 +
a*b) /b~2)*dilog(-(((2*a + b)*cos(d*x + c) - (2*I*a + I*b)*sin(d*x + c)...

3.9.6 Sympy [F(-1)]

Timed out.

/ ° 5 dr = Timed out
(a + bcos?(c + dx))

input‘integrate(x/(a+b*cos(d*x+c)**2)**2,x)

output‘Timed out
N

3.9. dz

f (a+bcos?(c+dz))?
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3.9.7 Maxima [F(-1)]

Timed out.

= Timed out

x
/ 5 dx
(a + bcos?(c+ dx))

inputLintegrate(x/(a+b*cos(d*x+c)“2)“2,x, algorithm="maxima"

output tTimed out

3.9.8 Giac [F]

X

/ L 5 dr = / 5 dz
(@ + beos?(c + dx)) (bcos (dz + ¢)? + a)

inputLintegrate(x/(a+b*cos(d*x+c)A2)‘2,x, algorithm="giac")

output Lintegrate (x/(bxcos(d*x + c)~2 + a)~2, x)

3.9.9 Mupad [F(-1)]

Timed out.

T / T
5 dr = 5 5 dx
(a+bcosz(c+dx)) (bcos (c-|-d;1;) —|—a)

input Lint(x/(a + bxcos(c + d*x)~2)"2,x)

outputtint(x/(a + bxcos(c + d*x)"2)"2, x)

3.9. dz

f (a+bcos?(c+dz))?
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

102
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 112

return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function

4.1. Listing of Grading functions
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:

4.1. Listing of Grading functions
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

4.1. Listing of Grading functions
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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